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Abstract
Smart grid is in need of an efficient communication network to guarantee reliable two-way data transmission between the

control center and smart meters (SMs). In this work, a software-defined networking (SDN) based smart grid communi-

cation (SGC) scheme is introduced to fulfill the information transmission requirement, where the control plane is separated

from the data plane to support diverse services flexibly in the smart grid. In such an SDN-based SGC system, to guarantee

effective data processing and forwarding between the SMs and the control center, aggregation points (APs) are introduced.

These APs should be deployed in an optimal way so as to cut down the total capital expenditure of the SGC system. The

total cost generally includes the transmission cost between APs and the control center as well as APs and SMs. The

construction and maintenance cost of the APs is also included. An approximation algorithm is introduced in this paper. The

algorithm can deal with the formulated intractable APs planning task and produce performance-guaranteed solutions with

reasonable complexity. Experiments indicate that the proposed algorithm works well for geographical areas with different

densities of SMs. Our proposal yields cost-efficient APs deployment scheme and sheds insight into the reduction of the

capital expenditure of the SGC system.
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1 Introduction

As smart grid is regarded as a revolutionary technology for

the next generation power system with intelligent opera-

tions on power management, smart grid communication

(SGC) has been calling much attention because it is the

prerequisite to realize the smart grid [1]. An SGC provides

real-time data exchange between suppliers and consumers

and sustains data flows between smart components and

sophisticated computing resources to satisfy the increasing

demands of power generation, transmission and distribu-

tion for a metropolis even a whole nation. Consumers are

provided with various services via the SGC, such as

integrating renewable and alternative energy resources [2].

On the other hand, suppliers can carry out load manage-

ment and real-time price broadcast to increase their profit

via the SGC. Moreover, power disturbance and outage that

may incur disastrous consequences can be largely avoi-

ded [3] with a reliable SGC. Overall, the SGC is an

indispensable part to reform the conventional power sys-

tem toward an intelligent one.

Since the SGC generally needs to support services with

different performance requirements such as latency and

traffic load from the viewpoint of both the consumers and

the suppliers, an agile network infrastructure is

required [4–6], where software defined networking (SDN)

is a promising choice to construct such a flexible com-

munication system. Different from traditional vertically

integrated networks which introduce challenges such as

inconsistent interfaces and frequent handovers, separating

control plane from data plane makes the switches in an

SDN only under the instruction of a programmable control

center [7]. Thus the control plane is able to achieve

seamless handover and detect real-time failure in this way,
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as well as to allocate radio resources intelligently and

efficiently. For instance, a flexible SDN orchestration can

substitute for current static resource allocation in small cell

network to increase network throughput remarkably [8];

and an SDN-based phasor measurement unit can adapt

different data rates in the smart grid to achieve lower

latency as compared to conventional approaches.

For an SDN-based SGC system, the smart meters (SMs)

which are connected to in-home appliances gather energy-

consumption-related information in the data plane and send

them to the control center for further processing and

analysis. The control center responses to the demand from

the consumers and broadcast price information to con-

sumers, as well as perform load management among the

whole grid to maintain system stability. Since there are a

large number of SMs and these SMs are generally far away

from the control center, deploying dedicated links between

the SMs and the control plane to transfer data flow is costly

and unacceptable for a commercial power provider. On the

other hand, it is also infeasible to adopt existing powerline

directly to perform these data transmission due to the

attenuation and relay limit of powerline. So aggregation

points (APs) that serve certain number of surrounding SMs

are essential for the smart grid [9]. These APs can be taken

as transition points that perform information transmission

between the control center and the SMs. For example,

demand response and power quality measurement gener-

ated by SMs can be sent through these APs. On the other

hand, the control information generated by the control

center is sent to the SMs through another way of the data

flow also via the APs, such as load management informa-

tion, which can greatly improve the demand flexibility of

the smart grid. Moreover, the APs can also compress the

raw data so as to improve the transmission efficiency. The

compression ratio depends on the correlation of the

data [10], which usually goes between 1/2 and 2/3. Obvi-

ously, it is of great significance to plan the APs optimally

for a reliable and cost-efficient SDN-based SGC system.

This is the motivation of our work.

Considering the efficiency and reliability requirements

of the SGC, the APs should be designed carefully to

minimize the deploying cost while providing QoS-guar-

anteed services for consumers and suppliers. The deploy-

ment of APs includes the selection of their locations as well

as the assignment of their serving SMs. As power line

communication (PLC) is usually available in the legacy

grid and suitable for short-distance communications [11], it

is reasonable to serve as connections between SMs and

their associated APs, which can lower the total cost of the

huge number of links. Fiber optic communication is rec-

ommended for connections between APs and the control

plane due to its high data speeds and low signal losses,

which can satisfy the needs of real-time massive data

exchange and long-distance data transmission between

them. In the following section, we will discuss the con-

nection costs in detail. Our optimization task is to find out

the minimal deployment cost for the SGC. The deployment

cost consists of the opening cost of the APs, the connection

cost between the APs and the SMs, and the connection cost

between the APs and the control center.

We first discuss some related works briefly. A large

SDN network consists of multiple controllers is investi-

gated in [12], where multiple controllers are introduced to

exploit the benefits of SDN and the controller placement

problem is addressed by a so-called k-Critical algo-

rithm. Lange et al. [13] also addresses a controller place-

ment problem. It aims at choosing the proper controllers

and minimizing the cost of assigning all the switches to

them. Sallahi and St-Hilaire [14] provides a re-organizing

resolution when a new network design is introduced or new

switches are added in a controller planning problem.

In [15], an asynchronous distributed algorithm is presented

to address the data aggregation services placement problem

in the smart grid. The scheme aims at finding the optimal

aggregation points placement strategy with the minimal

deployment cost. In [16], a data aggregation points place-

ment problem is investigated. It leads to an integer program

problem for advanced metering infrastructure and a K-

means algorithm is introduced to minimize the total cost.

In this work, we introduce an SDN-based SGC system,

which exploits the potentials of SDN to realize a reliable

and cost-efficient two-way data transmission for the smart

grid network. The network framework introduced in this

paper is more practical as compared to the model investi-

gated in [17], which uses optical fiber cable as links

between APs and SMs. As mentioned above, it is expensive

and unacceptable for a commercial power grid. Notice that

wireless links between APs and SMs are also suggested in

the literature [18], however, licensed radio spectrum is

always scarce and unavailable, as discussed in [19].

Unfortunately, the formulated APs planning problem is

also NP-hard. We introduce an efficient approximation

algorithm to deal with the optimization task. The algorithm

show great potentials for practical applications. Numerical

results also show that our algorithm is performance-guar-

anteed and robust in different scenarios. Moreover, it yields

lower deployment cost than the state-of-the-art one.

The remaining of the paper is as follows. System model

is presented in Sect. 2, as well as problem formulation. The

local search-based approximation algorithm is introduced

in Sect. 3. Numerical results and discussions are given in

Sect. 4. The conclusion and future researches are given in

Sect. 5.
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2 System model and problem formulation

As shown in Fig. 1, R is the area of interest served by an

SDN-based SGC system. LetM¼ f1; 2; . . .;Mg be the set
of SMs contained in this area. Mc is the set of control

centers in R. Without loss of generality, we consider Mc ¼
1 in this paper. A number of APs need to be installed in R
to serve these SMs. To be more specific, an SM should be

associated with only one AP, while an AP serves a cluster

of its surrounding SMs. Denote N ¼ f1; 2; . . .;Ng as the

candidate set of APs that can be chosen to install. cnm is the

PLC connection cost between an SM and its connected AP.

Fiber optic is employed to provide links between the APs

and the control center. The cost of fiber optic is fn. Denote r

as the radius of R and qSM as the density of SMs in the

area [16], the number of SMs can be calculated as

M ¼ qSMr
2.

2.1 Channel model

As discussed above, PLC can transmit data between APs

and SMs using the existing power lines, which is of low

cost. The channel characteristics of PLC involve transfer

function Hf and additive noise Nf . The transfer function Hf

can be obtained as follows:

Hf ¼ g � Aðf ; disnmÞ � Bðf ; disnmÞ:

g is a weighting factor which is always equal or less than

one, that is, g� 1. It can represent the production of

transmission and refection factor long the power line.

Aðf ; disnmÞ is the attenuation of powerline cable and can

be calculated as follows:

Aðf ; disnmÞ ¼ eða0þa1f Þ�disnm ;

where f is the frequency, disnm is the distance between the

nth AP and the mth SM. a0 and a1 are cable parameters.

Detailed discussions of them can be found in [20].

Bðf ; disnmÞ is the delay portion. The delay factor s is

described as

s ¼ disnmer
v0

;

where v0 represents light speed and er is a dielectric con-

stant that depends on insulating material. We can write the

delay portion Bðf ; disnmÞ into

Bðf ; disnmÞ ¼ e�2pjf �s:

Then we can get the transfer function Hf :

Hf ¼ g � eða0þa1f Þ�disnm � e�2pjf �s:

Nf is the PLC background noise that can be calculated as

Nf ¼ 10K�3:95�10
�5f ;

where we can find that the power spectral density of which

decreases with frequency f. The value of K depends on the

receiver or transmitter’s location. In our system model, for

a given frequency, once an AP is selected, the value of K is

fixed, as well as the PLC channel noise.

2.2 Mathematical model

Our APs planning optimization task focuses on minimizing

the sum cost of deploying APs while meeting the traffic

requirements of all SMs. Assuming that cAPn is the installation

and maintenance cost of each AP, and cnm refers to the cost to

link SM m and its associated AP n. The cost to connect this

AP and the control center is denoted by fn. cnm and fn are both

related to the transmission distances disnm and disn, which can

be calculated as: cnm ¼ /ðdisnmÞ; fn ¼ wðdisnÞ. Here / and w
are linear functions. disnm is the distance between AP n and

SM m. disn is the distance between the control center and the

AP n. In this paper, the link cost is considered as a linear

function to distance, which is reasonable and can simplify

analysis.

Let xn be index variable that indicates AP n is open or

not, and ynm shows whether SM m is connected with AP n

or not.

xn ¼
1 AP n is open;

0 otherwise.

�

ynm ¼
1 Assign SM m to AP n;

0 otherwise.

�

Denote dm as the traffic requirement of SM m 2M and wn

is the max capacity of each candidate AP n 2 N . In our

system, all the traffic demands should be satisfied while

selected APs should not exceed their capacity limitation.Fig. 1 Architecture of SDN-based SGC system
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Taking account of all these constraints, We now summarize

our APs planning problem mathematically in (1), where Ci

refers to constraint i.

min
xn;ynm

P
n2N

cAPn xn þ
P
n2N

P
m2M

cnmynm þ
P
n2N

xnfn

C1 :
P

m2M
dmynm�wnxn; 8n 2 N ;

C2 :j Hf j �Q� ynm; 8n 2 N ; 8m 2M;
C3 : xn� ynm;8n 2 N ; 8m 2 M;
C4 :

P
n2N

ynm� 1; 8m 2M;

C5 : xn 2 f0; 1g; 8n 2 N ;
C6 : ynm 2 f0; 1g; 8n 2 N ; 8m 2M;

ð1Þ

where

Q ¼ Qa � Qb:

Qa is the PLC attenuation and Qb is the PLC delay limit.

The object function consists of the APs installation and

maintenance cost, the cost of the links between APs and

SMs, and the cost of the fiber optic link between APs and

control center. C1 ensures that the traffic demands covered

by a selected AP will not exceed its capacity limitation. C2

explains the attenuation and relay requirement between the

SMs and the APs. C3 means that an AP should be open if it

serves any of the SMs. C4 ensures that it should be served

by only one AP for any SM.

3 Local search based approximation
algorithm

The formulated mathematical model for APs planning

leads to an integer programming problem. Generally, it is

hard to work out the global optimal solution. More

specifically, it formulates an unsplittable demands capaci-

tated facility location problem [21]. The integer constraints

in (1) bring us exponential complexity if calculated by

brute search. These kind of problems can be solved by

intuitive methods such as tabu search and genetic algo-

rithm. The limitation lies in the absence of provable gap

between the optimal solution and the produced ones. In this

paper, we introduce a local search (LS) algorithm that can

provide an approximation ratio of ð8þ eÞ to deal with the

problem. Numerical shows that it works quite well for all

considered scenarios.

The intuitiveness of our proposed LS-based algorithm is

as follows: First, let S (S � N ) be an initial solution to

Eq. (1); then repeatedly updating S based on local search

procedure to reach (near) optimal solution. Given an initial

solution S, the integer programming problem described in

(1) can be transformed as follows:

min
ynm

P
n2S

cn þ
P

m2M

P
n2S

ynmcnm

C1 :
P

m2M
dmynm�wn; 8n 2 S;

C2 :j Hf j �Q� ynm; 8n 2 S; 8m 2 M;
C3 :

P
n2S

ynm� 1; 8m 2M;

C4 : ynm 2 f0; 1g; 8n 2 S; 8m 2 M

ð2Þ

We can have the relaxation form of (2) as follows:

min
ynm

P
n2S

cn þ
P

m2M

P
n2S

ynmcnm

s:t: C1�C3;
C4 : 0� ynm� 1; 8m 2M; n 2 S:

ð3Þ

Eq. (3) defines a linear programming problem. Some

developed algorithms or toolboxes, such as CVX [22], can

be employed to solve it efficiently. Then the feasible

integer solution can be obtained via rounding procedure as

follows:

ynm ¼
1 n ¼ arg max

m	2M
ynm	 ;

0 otherwise;
8n 2 N ;

�
ð4Þ

where ynm	 is the solution to (3). Here we calculate the

deploying cost for the current set S, which is denoted by

cðSÞ. The objective is to minimize the cðSÞ with a certain

set S � N .

The following steps are taken to update S: Given an

initial solution S to Eq. (2), an improvement operation can

yield a cost reduction of cðSÞ=pðnÞ at least. Denote p(n) as
a fixed polynomial in n that is large enough; keep on

updating S through improvement operation until the cost

can no longer be decreased. The choice of p(n) ensures that

we will arrive at a solution with fixed approximation factor

after pðnÞlogðCðS0Þ=CðS	ÞÞ operations. Since each opera-

tion takes polynomial time. We can say that the whole

algorithm runs in polynomial time. The operation is

described as follows:

Initialization: Take S ¼ N as the initial solution,

which can make sure that Eq. (3) is solvable. Then we use

the following operation to update S:
Adding: Open an AP n 2 NnS. Assign the demand and

calculate the cost reduction that can be calculated as

cðSÞ � cðS [ fngÞ. If the cost reduction is more than

cðSÞ=pðnÞ, set S  S þ fng;
Dropping: Close an AP n 2 N . Reassign the demand

and calculate the cost reduction which is defined as

cðSÞ � cðSnfngÞ. If the cost reduction is more than

cðSÞ=pðnÞ, set S  S � fng;
Swapping: Swap an AP n 2 N with an AP n 2 NnS.

Reassign the demand and calculate the cost reduction

which is defined as cðSÞ � cðSnfng [ fn0gÞ. If the cost
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reduction is more than cðSÞ=pðnÞ, set

S  S � fng þ fn0g, where n0 is a close AP in NnS ;

The solving procedure can be find in Table 1.

Corollary 1 If the expansion of facility capacity does not

lead to an increase of the facility cost, the LS-based

algorithm has an ð8þ eÞ-approximate ratio (e[ 0) and

can yield a solution in polynomial time.

Proof The detailed proof is deferred to ‘‘Appendix’’. h

4 Numerical results

As analyzed above, we propose a worst-case performance-

guaranteed algorithm to address the APs planning problem.

We will then evaluate the performance of the proposed

algorithm via extensive numerical experiments for a

practical SDN-based SGC system. We consider geo-

graphical areas with different density of SMs and discuss

the factors that influence the capital expenditure of the

SGC system.

Simulation parameters are given as follows. SMs and

candidate APs are distributed randomly in an ares of

interest R, which is 1� 1 km2. The channel of PLC

between SMs and their serving APs occupies a frequency

of 15 M. We set Qa ¼ 15 and Qb ¼ 20. The weighting

factor g ¼ 1. a0 ¼ 6:5 � 10�3 and a1 ¼ 2:46 � 10�9, which
have been proposed in [20]. The capacity wn of AP n and

the traffic demand dm of SM m are uniformly distributed

and can be expressed as: wn ¼ wþ 100nn; dm ¼ d þ 10nm,
where w and d are set as w ¼ 500 and d ¼ 20. nn and nm
are uniformly distributed within (0,1). The connection cost

is cnm ¼ 0:001disnm, where disnm is the distance between

SMs and associated APs. To simplify analysis, we set the

installation cost cAPn and the link cost fn as constants.

Figures 2, 3 and 4 show the APs planning results in

three scenarios with different densities of SMs: rural,

suburban and urban areas. The dotted lines indicate the

links between the SMs and its associated APs. Table 2

gives the total deployment cost and the number of selected

APs produced by the algorithm. We compared it with an

LP-based algorithm proposed in [23]. Obviously, in sub-

urban and urban areas with more clients, the LS-based

algorithm tends to select less APs and leads to lower capital

cost. Overall, we can find that an SM tends to associate

with the almost nearest AP which has been opened in all

scenarios. It is reasonable since shorter distance leads to

lower connection cost between SMs and APs. From

Figs. 2, 3 and 4, we find that an AP averagely serves much

fewer SMs in the rural areas than in the suburban and urban

areas. It can be explained as follows: The SMs are sparsely

distributed in rural areas so the connection costs between

APs and SMs govern the total cost. In other words, to serve

a given number of SMs, more APs are required in rural

areas compared to urban and suburban areas to reduce the

total connection cost between SMs and APs. When the

density of SMs becomes higher, e.g., for the cases in the

urban or suburban areas, each AP should serve as many as

possible its surrounding SMs so that the total cost can be

minimized by opening APs as few as possible, where the

capacity limitation of APs holds dominant position at this

time. Moreover, our proposed algorithm is robust and can

yield balanced load among the opened APs as can be seen

in Figs. 2, 3 and 4.

Figures 5 and 6 give the number of selected APs as the

functions of the cost of APs and the capacity of APs, where

there are 100 SMs with 50 candidate APs and cn ¼ 18.

From Fig. 5 we can find out that the total required APs canTable 1 The solving procedure

Fig. 2 APs placement of rural area: AP = 10, SM = 20
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be cut down if the installation cost of APs increases. The

reason is that the increasing cost of APs becomes the

dominant part of the total expenditure of the SGC system.

Figure 6 shows the total selected APs decreases as

increasing of the capacity of APs. It is worthwhile to note

that the number of selected APs does not keep decreasing

when the capacity of APs is large enough as shown in

Fig. 6, where the number of selected APs is the same for

the cases that wn ¼ 600 and wn ¼ 700. Recall that fewer

APs always result in the increase of the link cost between

SM and APs for a given distribution of the SMs and APs.

We can conclude that it is not necessary to equip AP too

much capacity in practice.

Since the LS-based algorithm is an iterative one, we also

investigate the convergence of the algorithm. Figure 7

Fig. 3 APs placement of suburban area: AP = 35, SM = 70

Fig. 4 APs placement of urban area: AP = 70, SM = 140

Table 2 Comparison of two

algorithms in different scenarios
Scenario Total cost Number of selected APs

LS-based LP-based LS-based LP-based

Rural: AP = 10, SM = 20 7.9529 7.9529 2 2

Suburban: AP = 35, SM = 70 16.6887 17.5730 6 7

Urban: AP = 70, SM = 140 26.1748 26.3255 9 10

2 4 6 8 12 18 24

Deploying cost of AP
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Fig. 6 Total selected APs with different capacity of AP
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shows the number of iterations for convergence in different

scenarios. We can see more iterations are required if the

number of candidate sites for installing APs becomes large.

It is interesting to note that the total cost keeps decreasing

when the number of candidate sites is increasing. It can be

explained that the increasing of candidate sites for instal-

ling APs leads to more promising choices for the SMs to

associate with the APs with relatively less link cost.

5 Conclusion

In this work, we developed an SDN-based smart grid

communications system where aggregation points (APs)

are introduced for information exchange between the smart

meters and the control center. These APs should be care-

fully planned to minimize the total expenditure of our SGC

system. We try to meet the traffic requirements of all the

SMs in the area of interest with the minimal total expen-

diture. The formulated optimization task falls into an NP-

hard facility location problem. we introduced an LS-based

ð8þ �Þ-approximation algorithm to handle it efficiently. It

is performance-guaranteed and numerical results show that

they are promising to be applied to an SDN-based SGC

system. Our proposed scheme provides a promising solu-

tion to the smart grid communication. In future work, we

should investigate more scenarios with different constraints

in practical smart grid network.
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Appendix: Proof of the approximation ratio
of LS-based algorithm

We first analyze the capacitated facility location problem

with splittable demands (CFLS) and prove its approxima-

tion ratio.

Lemma 1.1 (Adding an AP) If the current solution S
satisfy csðSÞ � cðS	Þ� ncðSÞ

pðnÞ , then there exists a n 2 N that

can be added to S to improve the current solution.

Proof Noticing that csðSÞ[ csðS	Þ, we obtain

S	 � S 6¼ ;. Denote n1; � � � ; nl as facilities in S	 � S. Now
we need to prove that ni is a facility among them that

satisfies Lemma 1.1.

Denote r and r	 as the assignment for S and S	,
respectively. We now need to analyze the difference

between them. Gðr; r	Þ is a difference graph for r and r	.
We can obtain a set of cycles C and paths F after

decomposing the difference graph G. Clearly each one of

the set F [ C contains a non-positive cost. Also we have

costðCÞ þ costðFÞ ¼ csðSÞ � csðS	Þ. Since

csðSÞ � cðS	Þ� ncðSÞ
pðnÞ , we have

Xl

i¼1
costðFiÞ� csðSÞ � csðS	Þ: ð5Þ

For each ni, we can have an assignment S þ ni. The

service cost will be

csðS þ niÞ ¼ csðSÞ � costðFiÞ: ð6Þ

From Eq. (5), we can obtain

Xl

i¼1
ðcostðFiÞ � fniÞ� csðSÞ � csðS	Þ � cf ðS	Þ ð7Þ

after subtracting cf ðS	Þ.
The averaging result of Eq. (7) will be

costðFiÞ � fni �
�
csðSÞ � csðS	Þ � cf ðS	Þ

�
=l: ð8Þ

Combining these bounds, we have

cðSÞ � cðS þ uiÞ ¼ csðSÞ � csðS þ uiÞ � fui

¼ costðFiÞ � fui

� csðSÞ � csðS	Þ � cf ðS	Þ
l

� csðSÞ � csðS	Þ
n

� cðSÞ
pðnÞ :

ð9Þ
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Consider that csðSÞ � cðS	Þ� ncðSÞ
pðnÞ , the Proof of

Lemma 1.1 is completed. h

Lemma 1.2 (Dropping/swapping APs) S is a subset of N .

An upper bound holds if the cost of facility S cannot be

improved by at least cðSÞ=pðnÞ through dropping or

swapping:

cf ðSÞ
�
1� n2

pðnÞ

�
\5cðS	Þ þ 2csðSÞ þ

cðSÞ
n

: ð10Þ

Proof S	 is the optimal solution while S is a solution that

satisfies Lemma 1.2. The following candidate operations

for S are analyzed to prove the hypothesis of Lemma 1.2.

When an AP i satisfies fi� cðSÞ=n, we call it cheap, and

expensive otherwise. If an AP i in S � S	 satisfies D00i �M=2,

we call it light. Facilities that are not light are called heavy.

The closest facility to be chosen is called primary, and

secondary otherwise. Now S can be partitioned into several

classes. SC refers to facilities in S � S	 that are cheap. SEL
refers to costly facilities in S � S	 � SC, as well as and SEH .
SELP and SELS denote those expensive light APs which can be
called primary or secondary.

Then we have the following candidate operations for

APs in different classes:

• AP i 2 S \ S	 and SC: do nothing.

• AP i 2 SEH and SELP: use i	 to replace i.

• AP i 2 SELS: drop i and rearrange the load of i.

A good operation means that the total cost can be cut

down by cðSÞ=pðnÞ or more with this operation. b is a

refined allocation strategy with the cost of qb̂, which

satisfies qb̂� csðSÞ þ csðS	Þ.
If we get bad operations for all facilities in SEH , then

cf ðSEHÞ
�
1� n2

pðnÞ

�

� 4cf ðS	 � SÞ þ
X
i2SEH

qb̂ðiÞ:
ð11Þ

If we get bad operations for all facilities in SELP, then

cf ðSELPÞ
�
1� n2

pðnÞ

�

� cf ðS	 � SÞ þ
X
i2SELP

qb̂ðiÞ:
ð12Þ

If we get bad operations for all facilities in SELS, then

cf ðSELSÞ
�
1� n2

pðnÞ

�
�

X
i2SELS

2qb̂ðiÞ: ð13Þ

We have the inequality cf ðSCÞ� cðSÞ=n and

qb̂� csðSÞ þ csðS	Þ. Noticed that

X
i2SEH

qb̂ðiÞ þ
X
i2SELP

qb̂ðiÞ þ
X
i2SELS

qb̂ðiÞ ¼
X

i2S�S	
qb̂ðiÞ:

Combining all the conclusions above, we obtain

cf ðSÞ
�
1� n2

pðnÞ

�

¼ ðcf ðS \ S	Þ þ cf ðSCÞ þ cf ðSEHÞ

þ cf ðSELPÞ þ cf ðSELSÞÞ �
�
1� n2

pðnÞ

�

� cf ðS \ S	Þ þ
cðSÞ
n
þ 5cf ðS	 � SÞ

þ
X

i2S�S	
2qb̂ðiÞ

� cðSÞ
n
þ 2qb̂ þ 5cf ðS	Þ

� cðSÞ
n
þ 2csðSÞ þ 2csðS	Þ þ 5cf ðS	Þ

� cðSÞ
n
þ 2csðSÞ þ 5csðS	Þ:

ð14Þ

This completes the Proof of Lemma 1.2. h

Theorem 1 can be proved with Lemmas 1.1 and 1.2.

Theorem 1 (CFLS) For any constant �[ 0, the LS-based

algorithm yields an ð8þ �Þ-approximate solution in poly-

nomial time.

Proof According to Lemma 1.1, we have

csðSÞ\cðS	Þ þ ncðSÞ
pðnÞ : ð15Þ

According to Lemma 1.2, we have

cf ðSÞ 1� n2

pðnÞ

� �
� 5cðS	Þ þ 2csðSÞ þ

cðSÞ
n

\7cðS	Þ þ ncðSÞ 2

pðnÞ þ
1

n2

� �
:

ð16Þ

If we add the upper bound to the cost of AP, we can have

cðSÞ 1� n2

pðnÞ

� �
\8cðS	Þ þ ncðSÞ 3

pðnÞ þ
1

n2

� �
: ð17Þ

By rearranging, we obtain

cðSÞ 1� n2

pðnÞ �
3n

pðnÞ �
1

n

� �
\8cðS	Þ: ð18Þ

This completes the Proof of Theorem 1. h

In general, when obtaining the assignment of unsplit-

table case from the assignment of splittable case, the

capacities of all APs in unsplittable case increase by a

factor of at most two. If the expansion of capacity leads to a
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123



increase of facility cost, the cost of AP in an unsplit-

table scenario is double times than that in a splittable case

at most. This conclusion has been confirmed in [24]. But in

the system model of this paper, the installation cost of an

AP is much bigger than the price of the general purpose

processor, we assume that the facility cost of an AP will

not change with the increase of SMs it serves, which means

the facility cost of unsplittable case in this paper is equal to

the splittable case. Corollary 1 below summarize our

results for CFLU in this paper.

Corollary 1 (CFLU) If the expansion of facility capacity

does not lead to an increase of the facility cost, the LS-

based algorithm has an ð8þ eÞ-approximate ratio (e[ 0)

and can yields a solution in polynomial time.

Proof For the special case in this paper, the cost of

installing an AP is much bigger than the price of the

general purpose processor in it, so we have

cuf ðSÞ ¼ csf ðSÞ: ð19Þ

Known that

cus ðSÞ� cssðSÞ: ð20Þ

With simple mathematical operations, we have

cuf ðSÞ þ cus ðSÞ� csf ðSÞ þ cssðSÞ\ð8þ �ÞcðS	Þ: ð21Þ

This is the Proof of Corollary 1. h
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