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Resource Allocation for Cognitive Radio-Enabled
Femtocell Networks With Imperfect Spectrum

Sensing and Channel Uncertainty
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Abstract—Deploying femtocells underlaying macrocells is a
promising way to improve the capacity and enhance the coverage
of cellular systems. However, such a two-tier network also gives
rise to a cross-tier and intratier interference issue that should
be properly addressed to acquire the potential performance gain.
In this paper, we study the resource-allocation (RA) problem in
a two-tier orthogonal frequency-division multiplexing (OFDM)
access-based heterogeneous cellular network, where the femtocells
that employ a closed access strategy are equipped with a cognitive
radio (CR) function to identify radio environment so that they
can share subchannels with the macrocells without generating
excessive interference to the macrocell users (MUs), which fall
into the coverage of the femtocells. We formulate an optimiza-
tion task to maximize the sum throughput of the femtocell users
(FUs) under the consideration of imperfect spectrum sensing and
channel uncertainty while controlling the interference to the MUs
below their bearable thresholds in the sense of probability. We
introduce a conservative convex approximation to the formulated
problem and develop a fast algorithm to solve it by exploiting its
structure. Simulation results show that our proposal can improve
the throughput of the FUs with almost no changes in the infra-
structure of the cellular network.

Index Terms—Chance-constrained optimization, cognitive
radio (CR), resource allocation (RA), spectrum sensing.

I. INTRODUCTION

R ECENT investigations have indicated that 50% of phone
calls and 70% of wireless data services will take place

in indoor environments in the coming decade [1]. Instead of
increasing macrocells with high deployment cost to meet the
exponentially increasing data demands, a user-installed fem-
tocell access point (FAP) with a lower transmission power
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and lower cost, which usually serves a registered group of
subscribers, is deemed as a promising solution to meeting the
ever-increasing wireless data requirement [2]. Both users and
operators can benefit from the deployment of the FAPs: Indoor
users can enjoy high-quality-guaranteed wireless service, and
outdoor users can acquire higher rate gains due to the FAPs; on
the other hand, operators can cut down on operational expen-
ditures since the traditional site survey and network planning
process is no longer needed.

Generally, there are two modes for the FAPs to use the
licensed spectrum of a cellular spectrum: One is to use a
dedicated spectrum to avoid mutual interference between the
femtocells and the macrocells; the other is to share all available
spectra with the macrocells. The latter is more attractive since it
has higher spectrum utilization efficiency [3]. However, a cross-
tier interference issue rises as femtocell users (FUs) reuse the
subchannels that have been already allocated to the macrocell
users (MUs). In particular, for the MUs in the service area of an
FAP, they may suffer heavy interference from the FAP because
of their close proximity [4]. Moreover, perfect channel state
information (CSI) is difficult to obtain in a practical cellular
system owing to the lack of sufficient coordination between
the FUs and the MUs, which further aggravates the inter-
ference among them. The cross-tier interference and intratier
interference present challenges to the resource-allocation (RA)
problem for the cellular network.

As for an orthogonal frequency-division multiplexing
(OFDM) access-based femtocell network, RA is more com-
plicated than that in a traditional OFDM system because the
transmission power values of the femtocells and the macrocells
differ from each other greatly, leading to awkward mutual
interference between the two tiers. Power control [5], [6],
multiple antennas [7], an adaptive FAP access scheme [8], [9],
and spectrum allocation [10]–[12] have been extensively in-
vestigated to address the interference management problem
in two-tier femtocell networks. In [8], a hybrid frequency
assignment scheme is proposed for femtocells deployed within
coverage of a macrocell to mitigate the cross-tier interference.
In [13], power control is utilized to ensure adequate signal-to-
interference-plus-noise ratio (SINR) for the indoor cell edge
FU, and beamforming is used to maximize the SINR of MUs
and FUs by mitigating cross-tier interference in a collaborative
manner. A Stackelberg game with the macrocells as the leaders
and the FAPs as the followers is modeled in [14], respectively.
In the hierarchical competition, the performance of the system
at Stackelberg equilibrium is proved to be much better than
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that at Nash equilibrium. However, it is still very challenging to
efficiently manage the random and severe interference resulting
from numerous unplanned small cells.

Cognitive radio (CR), of which the original purpose is to
improve the spectrum utilization efficiency, is also suggested as
a promising interference management method for the problem
RA in heterogeneous networks [15]. If the femtocells that
share subchannels with the macrocells are equipped with a CR
function, they can identify the radio environment of the cellular
system and choose to access the subchannels that can produce
the least interference to the MUs. Since the physical layer of a
CR system should be very flexible to meet the requirements of
opportunistic access, it is necessary to use multicarrier methods
to operate in CR networks. Owing to the inherent significant
advantages of flexibly allocating radio resource, OFDM is
deemed as a promising air interface for Long-Term Evolution
(LTE) femtocells [16]. With OFDM modulation, the intratier
interference can be eliminated by exploiting orthogonal radio
resources among femtocells. Thus, an important issue that
follows is how to effectively assign orthogonal radio resources
between macrocells and femtocells while considering cross-tier
interference, which is the motivation of this paper.

The RA problem in the CR-based femtocell networks has
been investigated in the literature. In [17] and [18], downlink
RA problems based on spectrum sharing between macrocells
and femtocells are studied, including a decentralized femtocell
self-regulation strategy for the FAPs to adjust their transmit
power values [17] and design and analysis underlay spectrum
sharing schemes [18]. In [19], an efficient algorithm is proposed
for the open access scenario to improve the throughput of
cognitive femtocell networks. Game-theoretic RA in cogni-
tive femtocell networks is investigated in [20] with correlated
equilibrium analysis. In [21], two cooperation models are pro-
posed for the FUs and MUs in a cognitive femtocell network.
In these studies, perfect CSI is assumed. However, wireless
channel is generally time varying. The users will go through
severe quality-of-service (QoS) degradation and even outage
if unfaithful CSI is used to design the transmission with-
out considering channel uncertainty. Therefore, RA schemes
considering channel uncertainty should be studied for the
CR-based femtocell networks.

In [22], a power-allocation problem that characterizes robust-
ness and energy efficiency in femtocell networks is considered,
for which a distributed algorithm, i.e., a standard interfer-
ence function algorithm, is introduced when taking uncertain
gains into consideration. In [23], the focus is on the transmit
beamforming design for femtocells under QoS constraints and
imperfect CSI. An efficient interior-point-based algorithm is
proposed to find the optimal beamforming design. In [24],
a class of RA problems is formulated, where the quality-of-
experience model and playout time of the multimedia appli-
cations are unknown to the controller. Dynamic RA schemes
are proposed to achieve a satisfying tradeoff between the test
and optimization. Distributed wireless video scheduling with
delayed control information is investigated in [25], where a
class of distributed scheduling schemes is proposed to achieve
the performance bound by using the correlation among the
timescale control information.

In addition, owing to the inherent feedback delays, sensing
errors, which include estimation errors and quantization errors,
are inevitable, causing heavy interference to the MUs. To
avoid performance degradation of the MUs, RA with imperfect
spectrum sensing should be also urgently considered. However,
to the best of our knowledge, RA considering both channel
uncertainty and imperfect sensing in OFDM-based cognitive
femtocell networks has not been extensively investigated in
existing studies.

In this paper, we put the mutual interference, imperfect
spectrum sensing, and channel uncertainty into consideration
in two-tier OFDM-based cognitive femtocell networks. To the
best of our knowledge, there are no existing works in the
OFDM-based cognitive femtocell networks, which jointly take
all these design issues into consideration. We try to maximize
the sum throughput of all FUs under the condition of imperfect
spectrum sensing while controlling the interference to the MUs
under their bearable thresholds in the sense of probability
due to imperfect CSI. These considerations lead to a general
formulation of a mixed integer programming problem, which is
computationally intractable. To make it tractable, we propose
addressing this problem in three steps. In the first step, we try
to allocate subchannels based on channel gains. For the second
step, the interference constraints, which are posed as chance
constraints due to channel uncertainty, are made tractable by the
Bernstein approximation. For the third step, we try to allocate
power to the subchannels. We propose a method by exploiting
the structure of the problem, which is able to achieve the
optimal power allocation and is much more efficient than
standard methods. Numerical results validate the effectiveness
and efficiency of our proposal.

The remainder of this paper is organized as follows. In
Section II, we show the system model and formulate our
optimization task. In Section III, we propose a suboptimal
subchannel allocation algorithm and achieve an optimal power-
allocation scheme by developing an efficient fast method with
chance-constrained optimization. Numerical results are given in
Section IV with discussions. Conclusions and future work are
presented in Section V.

II. SYSTEM MODEL AND PROBLEM FORMULATION

Consider the downlink of a two-tier heterogeneous network,
where M CR-equipped femtocells share the licensed radio
spectrum with one macrocell. Each femtocell is served by an
FAP, and the macrocell is served by a macro base station. The
CR-based femtocell adopts OFDM modulation and operates
in a centralized manner, i.e., an access point serves all FUs
attached to it. We denote the set of all FUs associated with
FAP m ∈ M as Km, and then, the number of FUs laid within
the coverage of the mth FAP is Km = |Km|. Let L and K
denote the numbers of MUs and FUs, respectively. The FUs
opportunistically use the spectrum of the MUs via an FAP, as
shown in Fig. 1.

Any part of the spectrum, named as a subband, can be used
by the MU at any time. The bandwidth is divided into multiple
OFDM subchannels in the CR network. By periodic spectrum
sensing, the CR network identifies vacant subchannels and
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Fig. 1. Two-tier CR-based wireless heterogeneous network consisting of one
macrocell and two femtocells.

chooses a subset N = {1, . . . , N} among all subchannels to
transmit information. In addition, the kth FU has a minimal rate
requirement of Rk,min.

To prohibit the unacceptable performance degradation of the
MUs, the interference introduced to the MUs must be carefully
controlled in a tolerable range. Some promising methods can
be employed by the CR system to eliminate the interference to
the MUs, such as the subcarrier weighting and noncontinuous
OFDM scheme. In this paper, we consider a general OFDM
system that may not adopt noncontinuous OFDM or subcarrier
weighting techniques. The total available bandwidth of the
system is W . The bandwidth of the nth subchannel spans from
f0 + (n− 1)W/N to f0 + nW/N , where f0 is the starting
frequency. When the femtocell transmits information over the
nth subchannel with unit transmission power, the interference
introduced to the lth MU over the subband of the jth subchannel
is given by

Ijn,l =

jW/N−(n−1/2)W
N∫

(j−1)W/N−(n−1/2)W
N

gn,lφn(f)df (1)

where φn(f) is the power spectrum density (PSD) of the
subchannel used by an FU, which can be expressed as φn(f) =
Ts(sinπfTs/πfTs)

2, where Ts is the OFDM symbol dura-
tion. gn,l is the power gain from the femtocell to the lth
MU’s receiver on the nth subchannel. Due to the absence of
cooperation between the macrocell and the femtocells, it is
difficult to obtain gn,l. In other words, perfect CSI is always not
available. To capture the channel uncertainty, gn,l is modeled as
an exponentially distributed random variable [26].

There are two kinds of sensing errors [27], [28]. One is
misdetection, which happens when the CR system fails to detect
the presence of the MUs’ signals. A subchannel is deemed as
vacant, but it is actually occupied by the MUs. This may incur
service degradation on the MUs. The other kind of sensing
errors is false alarm, which happens when the CR system
identifies that a subchannel is occupied but it is actually vacant.
A false alarm event does not incur performance degradation
on the MUs but lowers the potential spectrum utilization.

TABLE I
PROBABILITIES OF IMPERFECT SPECTRUM SENSING

Obviously, misdetection results in cochannel interference to
the MU, whereas false alarm lowers the utilization efficiency
of the spectrum. Generally, the CR-based FAP collects the
sensed information on all FUs and makes a decision on which
subchannel can be used by the FUs. Then, the set of available
subchannels N is predicted, the same to the set of unavail-
able subchannels N . The probabilities of two kinds of sensing
errors, i.e., misdetection and false alarm, on nth subchannel are
Pm
n and P f

n , respectively.
There are four possible scenarios for spectrum sensing for

the lth MU, as shown in Table I. S1
n,l and S2

n,l are the events
of the presence and absence of the lth MU’s signal on the nth
subchannel. E1

n and E2
n are events that the CR FAP deems the

nth subchannel as vacant or not vacant by spectrum sensing.
Denote P 1

n,l as the probability that the nth subchannel is
actually used by the lth MU when the CR FAP deems it as
vacant. Thus, we have

P 1
n,l = P

{
S1
n,l | E1

n

}
=

P
{
E1

n | S1
n,l

}
P
{
S1
n,l

}
P
{
E1

n | S1
n,l

}
P
{
S1
n,l

}
+ P

{
E1

n | S2
n,l

}
P
{
S2
n,l

}
=

(1 − Pm
n )P l

n

(1 − Pm
n )P l

n + P f
n (1 − P l

n)
(2)

where P l
n is the a priori probability that the band of the nth

subchannel is used by the lth MU. Similarly, we can define P 2
n,l

as the probability that the nth subchannel is indeed vacant when
the CR system identifies it as occupied. Thus, we have

P 2
n,l = P

{
S2
n,l | E2

n

}
=

P
{
E2

n | S2
n,l

}
P
{
S2
n,l

}
P
{
E2

n | S1
n,l

}
P
{
S1
n,l

}
+ P

{
E2

n | S2
n,l

}
P
{
S2
n,l

}
=

(
1 − P f

n

) (
1 − P l

n

)
Pm
n P l

n +
(

1 − P f
n

)
(1 − P l

n)
. (3)

Taking the two kinds of sensing errors into consideration, the
interference introduced to the lth MU by the access of an FU
on the nth subchannel with unit transmission power is

In,l =
∑
j∈N1

P 1
j,lI

j
n,l +

∑
j∈N

P 2
j,lI

j
n,l. (4)

Define the SINR of the kth FU in femtocell m on the nth
subchannel as

Hm,k,n =
|cm,k,n|2

Γ(N0W/N + I)
(5)
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where cm,k,n is the channel gain of the kth FU in femtocell
m over subchannel n, and N0 is the PSD of additive white
Gaussian noise. Γ is the signal-to-noise-ratio (SNR) gap and
can be represented as Γ = −(ln(5BER)/1.5) for an uncoded
multiple quadrature amplitude modulation with a specified bit
error rate (BER) [29]. The interference caused by the MUs’
signals is I , which can be regarded as noise and measured by
the receivers of FUs.

It is notable that in (5), intratier interference between femto-
cells is deemed as part of the thermal noise due to the serious
relatively low power of the FAPs and wall penetration loss [2].
This is particularly suitable for sparsely deployed femtocells in
remote suburbs, where intratier interference between femtocells
can be ignored in comparison with cross-tier interference.

In addition, the transmission rate of the kth FU in femtocell
m on the nth subchannel is

rm,k,n = (W/N) log2(1 + pm,k,nHm,k,n), (6)

where pm,k,n is the kth FU’s transmission power on the nth
subchannel in femtocell m.

Our target is to maximize the sum rate of the FUs un-
der the transmit power limitations and the MUs’ interference
constraints, which leads to the following chance-constrained
optimization problem:

max
pm,k,n,ρm,k,n

∑
m∈M

∑
k∈Km

∑
n∈N

ρm,k,nrm,k,n

s.t. C1 :
∑
n∈N

ρm,k,nrm,k,n ≥ Rk,min ∀m, k ∈ Km

C2 :
∑
k∈Km

∑
n∈N

ρm,k,npm,k,n ≤ Pt ∀m

C3 : Pr

{∑
m∈M

∑
k∈Km

∑
n∈N

ρm,k,npm,k,nIn,l ≤ Ithl

}

≥ 1 − ε ∀ l
C4 : pm,k,n ≥ 0 ∀m, k, n
C5 : ρm,k,n ∈ {0, 1} ∀m, k, n

C6 :
∑
k∈Km

ρm,k,n ≤ 1 ∀m,n (7)

where Rk,min is the minimal rate requirement of the kth FU.
ρm,k,n can only be either 1 or 0, indicating whether the band
of nth subchannel is used by the kth FU in femtocell m or not;
Pt is the power limit of a femtocell; and Ithl is the interference
power threshold of the lth MU.

C1 is the throughput requirements of the FUs. C2 is the trans-
mission power constraints. To tackle channel uncertainty, CR
interference constraints under channel uncertainty can be posed
as chance constraints, and C3 is the interference constraints,
which enforce that the interference power at the lth MU stays
below Ithl with the probability of no less than 1 − ε. Parameter
ε can take any value from the interval ε ∈ [0, 1), denoting the
desired upper bound on the probability that the interference
threshold is exceeded. In a practical situation, perfect CSI
cannot be accurately acquired; then, the probability approach
is more reasonable than a set-bounded approach. The channel
gain estimate is provided as a probabilistic distribution that
specifies the mean and covariance of the gains. C4 is intuitive.
C5 and C6 indicate that subchannels are not shared among FUs.

TABLE II
SUBCHANNEL ALLOCATION

III. RESOURCE ALLOCATION IN FEMTOCELLS BY USING

CHANCE-CONSTRAINED OPTIMIZATION

A. Subchannel Allocation

We propose a suboptimal approach to allocate subchannels
to the FUs. The motivation of our algorithm is as follows. In
an OFDM-based femtocell network, the subchannel with high
SNR for an FU may also bring more interference to the MUs
that use this subchannel. In other words, the traditional water-
filling method is not appropriate for CR scenarios because
interference constraints also lay an upper bound of transmission
power for each subchannel. This is to say that the interference
introduced to the MUs and the SNR of a subchannel should be
jointly considered to calculate the rate of the subchannel. Our
method measures the achievable rate of the nth subchannel used
by the kth FU in femtocell m as follows [30], [31]

rm,k,n = (W/N) log2(1 + pm,k,nHm,k,n), (8)

where pmax
m,k,n is the maximum achievable power for the kth FU

in femtocell m on the nth subchannel

pmax
m,k,n = min

(
Pt,min

l∈L

(
Ithl
In,l

))
(9)

where In,l is the interference introduced to the lth MU by the
access of an FU on the nth subchannel, which is calculated
by exponentially distributed random variable gn,l. It is worth
noting that In,l is determinate after initialization.

Denote Ωk as the subchannel set occupied by the kth FU.
Nt is the set of FUs that has not been assigned subchannels
during each iteration t, and ∅ is an empty set. We allocate
the FUs’ subchannels to meet their minimal rate requirements.
The principle of our subchannel allocation algorithm for the
FUs is that the FU whose current rate is the farthest away
from the target one has the priority to get a subchannel among
the available ones. The procedure stops until all FUs’ rate
requirements are satisfied. For simplicity, the power of a sub-
channel is provisionally set as min(Pt/N,minl∈L(I

th
l /In,l)) to

meet the power and interference limitations continuously. The
operational procedure of the proposed algorithm is described
in Table II.
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B. Power Allocation by Chance-Constrained Optimization

1) Bernstein Approximation of Chance Constraints: Once
given the subchannel allocation of the FUs, the power-
allocation problem can be rewritten as

max
pm,k,n

∑
m∈M

∑
k∈Km

∑
n∈Ωk

rm,k,n

s.t. C1 :
∑
n∈Ωk

rm,k,n ≥ Rk,min ∀m, k ∈ Km

C2 :
∑
k∈Km

∑
n∈Ωk

pm,k,n ≤ Pt ∀m

C3 : Pr

{∑
m∈M

∑
k∈Km

∑
n∈Ωk

pm,k,nIn,l ≤ Ithl

}
≥ 1 − ε

∀ l
C4 : pm,k,n ≥ 0 ∀m, k, n. (10)

However, it is not intuitive to express C3 in closed form,
making the optimization problem intractable. Our target is
to construct the chance constraints’ computationally tractable
approximation. Under the assumption that the constraints are
affine in the perturbations and the entries in the perturbation
vector are independent-of-each-other random variables, we
exploit the structure of chance constraints and build a large
deviation-type approximation, referred to as Bernstein approxi-
mation, of the chance-constrained problem. This approximation
is convex and efficiently tractable, which is of significantly
practical merit. Note that C3 in problem (10) is still compu-
tationally intractable; hence, we make a convex approximation
of C3. Bernstein approximations have been viewed as a useful
class of approximation techniques for the chance constraints
[32]. Consider a general case where chance constraint written
in the following form:

Pr

{
fo(p) +

∑
n∈N

ηnfn(p) < 0

}
≥ 1 − ε (11)

where ηn are random variables, and p is a deterministic pa-
rameter vector. In this paper, we have p ∈ RMKN×1, p =
(p1,1,1, . . . , p1,1,N , . . . , p1,K,N , . . . , pM,K,N )T . For (11), for a
given ηn distribution, the following assumptions should be
satisfied.

1) fn(p) is the function of p and is affine in p ∀n =
0, 1, . . . , N .

2) ηn’s are independent random variables, and their mar-
ginal distributions ϕn belong to compact convex sets of
probability distributions.

3) ϕn is a shared bounded support of [−1,1] and−1 ≤ ηn ≤
1 ∀n = 1, 2, . . . , N .

Under these assumptions, the following constraint constitutes
a conservative substitute:

inf
λ>0

[
f0(p) + λ

∑
n∈N

Ωn

(
λ−1fn(p)

)
+ λ log

(
1
ε

)]
≤0 (12)

where Ωn(y) � maxπn
log(
∫
exp(xy)dπn(x)). In addition, it

is guaranteed that (12) is convex [26], [32]. The approximation
is useful when Ωn(y) can be evaluated efficiently. In general,
one can consider an upper bound for Ωn(y) given by

Ωn(y) ≤ maxμ−
ny, μ

+
n y +

σ2
n

2
y2, n = 1, 2, . . . , N (13)

where μ−
n , μ

+
n with μ−

n ≤ μ+
n and σn are constants that rely on

the given families of probability distributions. Some examples
can be found in [33]. Substituting Ωn(·) in (12) with this upper
bound and invoking the arithmetic–geometric inequality, we
have

f0(p) +
∑
n∈N

maxμ−
nfn(p), μ

+
k fk(p)

+

√
2 log

1
ε

(∑
n∈N

σ2
nfn(p)

2

) 1
2

≤ 0 ∀ l (14)

as a convex conservative substitute for (11).
Due to the sensing errors and the absence of collaboration

between femtocells and macrocell, the CSI is imperfect in
practical scenarios. To capture this uncertainty, gn,l, which is
the power gain from the femtocell to the lth MU’s receiver
on the nth subchannel, is modeled as a random variable. As a
result, In,l that is calculated from gn,l is also a random variable
of given distributions. Assume that the distributions of In,l
have been bounded supports [an,l, bn,l]. Then, we introduce
constants αn,l � 1/2(bn,l − an,l) and βn,l � 1/2(bn,l + an,l)
to normalize the supports to [−1,1], which means that αn,lηk +

βn,l ∈ [an,l, bn,l]. Denote f0(p) = −Ithl +
∑N

n=1 βn,lpm,k,n

and fn(p) = αn,lpm,k,n for n ∈ N , and then (11) is equivalent
to C3 in (10). Thus, substituting f0(p) and fn(p) into (14),
noting that pm,k,n ≥ 0, we have

− Ithl +
∑
m∈M

∑
k∈Km

∑
n∈Ωk

βn,lpm,k,n + μ+
n,lαn,lpm,k,n

+

√
2 log

1

ε

(∑
k∈Km

∑
n∈Ωk

(σn,lαn,lpm,k,n)
2

)1
2

≤0 ∀ l. (15)

In fact, as the variables pm,k,n’s are coupled through the
last term in (15), the search complexity rapidly grows as
N increases. To mitigate these issues, we further approximate
(15) by noting that the last term in (15) involves the �2-norm of
the vector [σ1,lα1,lpm,k,1, . . . , σN,lαN,lpm,k,N ] ∀ l,m, k and
that ‖x‖2 ≤ ‖x‖1, and one can obtain a substitute for C3 as

∑
m∈M

∑
k∈Km

∑
n∈Ωk

γn,lpm,k,n

+

√
2 log

1
ε
|σn,lαn,lpm,k,n|≤ Ithl ∀ l (16)

where γn,l � μ+
n,lαn,l + βn,l.
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2) Centralized Power Allocation for Femtocells: The power-
allocation problem with chance-constrained approximation can
be rewritten as

max
pm,k,n

∑
m∈M

∑
k∈Km

∑
n∈Ωk

rm,k,n

s.t. C1 :
∑
n∈Ωk

rm,k,n ≥ Rk,min ∀m, k ∈ Km

C2 :
∑
k∈Km

∑
n∈Ωk

pm,k,n ≤ Pt ∀m

C3 :
∑
m∈M

∑
k∈Km

∑
n∈Ωk

(
γn,lpm,k,n

+

√
2 log

(
1
ε

)
|σn,lαn,lpm,k,n|

)

≤ Ithl ∀ l
C4 : pm,k,n ≥ 0 ∀m, k, n. (17)

Equation (17) defines a convex optimization problem and can
be solved by barrier method [34]. The logarithmic barrier
function is

φ(x) = −
∑
m∈M

∑
k∈Km

log

(∑
n∈Ωk

rm,k,n −Rk,min

)

−
∑
m∈M

log

(
Pt −

∑
k∈Km

∑
n∈Ωk

pm,k,n

)

−
L∑

l=1

log

(
Ithl −

∑
m∈M

∑
k∈Km

∑
n∈Ωk

(pm,k,nγn,l

+

√
2 log

1
ε
|σn,lαn,lpm,k,n|

))

−
∑
m∈M

∑
k∈Km

∑
n∈Ωk

log pm,k,n (18)

where x = (pm,k,1, pm,k,2, . . . , pm,k,N ). Note that subscript
k can be omitted as it has been determined by subchannel
allocation. Denote

f(x) =
∑
m∈M

∑
k∈Km

Rm,k (19)

where Rm,k =
∑

n∈Ωk
rm,k,n; the optimal solution to problem

(17) can be approximated by solving the following uncon-
strained minimization problem:

minψt(x) = −tf(x) + φ(x) (20)

where t ≥ 0 is a parameter to control the accuracy of solution.
Newton method can efficiently solve this unconstrained mini-
mization problem.

The Newton step at x, denoted by Δxnt, is given by

∇2ψt(x)Δxnt = −∇ψt(x) (21)

where ∇ψt(x) and ∇2ψt(x) are the gradient and the Hessian
of ψt(x), respectively.

The procedure of the barrier method is outlined in Table III.
ξ and ξn are the tolerance values of the barrier method and

TABLE III
BARRIER METHOD

the Newton step, respectively. α and β are two given constants
applied in the backtracking line search in the Newton step. In
addition, α is set as α ∈ (0, 0.5), and β is set as β ∈ (0, 1),
respectively. The step size of the backtracking line search is
s with s > 0. t and μ are the parameters used in the tradeoff
between the number of the outer and the inner iterations.

The computational complexity of the barrier method mainly
lies in the computation of Newton step that needs matrix inver-
sion. To reduce the computational cost, we exploit the structure
of (17) and develop a fast algorithm to calculate Newton step
with lower complexity. Denote

fm =Pt −
∑
k∈Km

∑
n∈Ωk

pm,k,n, m = 1, . . . ,M

fk+M =
∑
n∈Ωk

rm,k,n −Rk,min, k = 1, . . . ,K

gl =Ithl −
∑
m∈M

∑
k∈Km

∑
n∈Ωk

(
pm,k,nγn,l

+

√
2 log

1
ε
|σn,lαn,lpk,n|

)

l =1, . . . , L. (22)

The Hessian of ψt(x) is

∇2ψt(x) =

⎡
⎢⎢⎢⎣
D1

D2

. . .
DN

⎤
⎥⎥⎥⎦

+
M∑

m=1

∇fm∇fT
m

f2
m

+
K∑

k=1

∇fk+M∇fT
k+M

f2
k+M

+

L∑
l=1

∇gl∇gTl
g2l

=D +
S∑

i=1

FiF
T
i (23)
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TABLE IV
SIMULATION PARAMETERS

where D = diag(D1, D2, . . . , DN), and S = M +K + L
with

Dn =

(
t+

1
fk

)
H2

m,k,n

(1 + pm,k,nHm,k,n)2
+

1
p2m,k,n

. (24)

Fi are all vectors with N elements

Fi =

⎧⎪⎨
⎪⎩

∇fm
fm

, m = 1, . . . ,M, i = m
∇fk+M

fk+M
, k = 1, . . . ,K, i = k +M

∇gl
gl

, l = 1, . . . , L, i = l +M +K.

(25)

Theorem 1: Equation (17) can be solved with the complexity
of O(S2N).

The proof is given in the Appendix. If we solve (17) via a
standard convex optimization technique, it yields a complexity
of O(N3). In practical wireless systems, S 	 N and our
proposed algorithm have a significant advantage.

IV. NUMERICAL RESULTS AND DISCUSSIONS

Consider the downlink of an LTE-Advanced (LTE-A) net-
work in which a macrocell is in the center of a circle with
a radius of 500 m. In addition, the two femtocells with four
FUs are within the coverage of the macrocell. A dual-stripe
building model, which was initially proposed in [35], is adopted
to evaluate the performance of our algorithm. The channel gains
between the macrocell and the FUs are modeled as independent
and identically distributed (i.i.d.) and exponentially distributed
with gk,n = 2 for all k and n. Parameters μ+

n = μ−
n and σn

in the Bernstein approximations are chosen from Table I in
[33] using the known first- and second-order moments of the
truncated channel gains. The simulation parameters are listed
in Table IV.

The distance-dependent path-loss attenuation varies accord-
ing to the characteristics of the evaluated link. We give a
summary of the different situations adopted in [35] in our
simulations.

• Macrocell to MU/FU

PL(d) = 15.3 + 37.6 log10(d) + Low. (26)

We use a simplified version of the Motley–Keenan model
to characterize the path loss attenuation in this case,

Fig. 2. Interference to the MUs as a function of transmission power limit.

where d is the distance between the macrocell and the
MU/FU, and Low is the penetration loss in the external
walls of the building, which is 10 dB.

• Femtocell to FU/MU

PL(d) = 38.46 + 20 log10(d) + 0.7d2D

+ qLiw + 18.3n(
n+2
n+1−0.46) (27)

where d is the distance between the femtocell and the
FU; d2D is the indoor distance of the link; Liw is the
penetration loss in the internal walls of the building,
which is 5 dB; and q(n) denotes the number of penetrated
walls (floors).

Shadow fading is modeled as a log-normal random variable,
whose standard deviation is 4 and 8 dB for the MUs and the
FUs, respectively. About fast fading, in the frequency domain,
the channel gains for subchannels are modeled as i.i.d. zero-
mean circularly symmetric complex Gaussian random vari-
ables. The activity probability PL

n , misdetection Pm
n , and false

alarm P f
n are uniformly distributed over (0, 1), (0.01, 0.05), and

(0.05, 0.1), respectively.
Fig. 2 shows the interference to the MUs with and without

considering the sensing errors. As shown in Fig. 2, the interfer-
ence introduced to the MUs with considering the sensing errors
is lower than the interference without considering the sensing
errors. It can be explained that the MUs may experience se-
vere performance degradation when the cross-tier interference
occurs as a result of misdetection.

We also make a comparison between our proposed opti-
mal power-allocation algorithm with other two algorithms to
evaluate the sum capacity performance, namely, equal power-
allocation (EPA) algorithm and interference-factor power-
allocation (IFPA) algorithm. The former assumes that power is
equally allocated among all subchannels, and the latter assumes
that the distributed power is inversely proportional to the inter-
ference level.
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Fig. 3. Sum capacity as a function of transmission power limit. (a) ε = 0.2.
(b) ε = 0.1.

Fig. 4. Sum capacity versus ε.

Fig. 3 shows the sum capacity of the femtocells as a func-
tion of power limit achieved by our proposed algorithm, EPA
algorithm, and IFPA algorithm. There are 256 subchannels. In
Fig. 3, we can see that the sum capacity of the FUs grows
as the increase in the power budget. Our proposed algorithm
performs better than the EPA and the IFPA. When power
budget is small, the IFPA can produce solutions close to our
proposed schemes. However, when power budget grows larger,
our algorithm performs much better than the others. This is
because our proposed subchannel allocation schemes jointly
consider the power limit and interference level, but the EPA
and the IFPA only consider one of them.

We validate the effect of ε in sum capacity. As shown in
Fig. 4, the sum capacity of the FUs grows with the increase
in ε. It is intuitive because smaller ε tightens the interfer-
ence constraints, which introduces lower interference to the
MUs. Our proposed algorithm jointly considers the interference

Fig. 5. Number of Newton iterations required for convergence during 100
channel realizations.

Fig. 6. Empirical CDF of the number of Newton iterations.

introduced to the MUs and the SNR of subchannels; lower
interference is achieved at the cost of capacity reduction, as
shown in Fig. 4.

We also investigate the convergence of our proposed fast
algorithm. As previously discussed, the computational load
of the proposed algorithm mainly lies in the computation of
Newton step. Fig. 5 shows the number of Newton iterations
for the barrier method to converge in 100 random instances.
Fig. 6 gives the cumulative distribution function (CDF) of the
number of Newton iterations for solving the optimal power
allocation with different settings of the number of N . As shown
in Fig. 6, the number of Newton iterations is not large and varies
in a narrow range, indicating that our proposed algorithm is
efficient.

Finally, we investigate the densely deployed femtocells’
case and take the intratier interference among femtocells into
consideration. Mathematically, the intratier interference should
be added into the denominator of (5). In addition, similar to
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Fig. 7. Total downlink capacity of all femtocells as a function of transmit
power limit.

C3 in (7), an intratier interference temperature constraint Imth
should be introduced; by our proposed subchannel allocation,
the corresponding nonconvex subchannel and power-allocation
problem can be converted into a convex problem. Fig. 7 shows
the overall capacity of M femtocells in the cases of sparsely
deployed scenarios and densely deployed scenarios. We set
M = 40, K = 4, and Imth = 7.5 × 10−14 W for all m. We
can see that, in Fig. 7, the total capacity of the femtocells in
dense deployment situation is smaller than that of the sparsely
deployed case. The reason is that there exists heavy intratier
interference among femtocells, which counteracts the capacity
yielded by adding femtocells.

V. CONCLUSION

In this paper, we have developed a fast algorithm for the
RA problem in a CR-based femtocell network with channel un-
certainty and imperfect spectrum sensing, which is an extension
of our preliminary research [36]. In particular, the sum rate of
all FUs is maximized while the interference to each MU is kept
below a threshold. The formulated optimization task involves
integer variables and chance constraints, making it hard to
address. We first develop an efficient subchannel allocation to
remove the frustrating integer constraints. Then, we introduce
Bernstein approximation to make chance constraints tractable.
Finally, we derive a fast barrier method to work out the optimal
power distribution by updating Newton step with almost linear
complexity. Numerical simulations show that our proposed
RA method can achieve a significant capacity gain, and our
proposed algorithm converges quickly and stably.

APPENDIX

Proof: Rewrite the Karush–Kuhn–Tucker system (21) as
follows:

Λ0Δx = F0 (28)

whereΛ0 = ∇2ψt, and F0 = −∇ψt. According to (23),Λ0 can
be written as

Λ0 = D +

S∑
i=1

FiF
T
i (29)

which can be decomposed into S equations

Λi = Λi+1 + Fi+1F
T
i+1, i = 0, 1, . . . , S − 1. (30)

By exploiting the structure of Λi’s, we give an S-step procedure
to compute Newton step efficiently.

First, use (30) to decompose Λ0, i.e., Λ0 = Λ1 + F1F
T
1 .

Denote two intermediate variables as the solutions of the fol-
lowing linear equations: Λ1v

1
1 = F0 and Λ1v

1
2 = F1. Δx =

v11 − (F1v
1
1/1 + F1v

1
2)v

1
2 . In addition, we can figure out Δx

if obtaining the two new variables v11 and v12 .
Continuing the procedure, decompose Λ1 with Λ1 = Λ2 +

F2F
T
2 . Then, the two variables introduced in step 1 can be

updated by solving the following three sets of linear equations:
Λ2v

2
i = Fi−1, i = 1, 2, 3, where v21 , v

2
2 and v23 are intermediate

variables.
For the sth step, decompose Λs−1 with Λs = Λs + FsF

T
s .

We can update the s variables introduced in step s− 1 by
vs−1
i = vsi − (FT

s vsi /1 + Fsv
s
s+1)v

s
s+1, i = 1, 2, . . . , s, which

is obtained by solving the following s+ 1 sets of linear equa-
tions: Λsv

s
i = Fi−1, i = 1, 2, . . . , s+ 1.

Continuing the procedure to the Sth step, it yields S + 1
matrix systems ΛSv

S
i = Fi−1, i = 1, 2, . . . , S + 1. From the

derivation process, we can find that the m variables vs−1
i , i =

1, 2, . . . , s in the (s− 1)th step can be obtained by the s+ 1
variables vsi , i = 1, 2, . . . , s+ 1 in the sth step. Thus, if we
figure out the S + 1 variables vSi , i = 1, 2, . . . , S + 1, Δx will
be indirectly obtained. Obviously, a reverse derivation of the S
steps is necessary after we solve the S + 1 matrix system in the
Sth step.

The process to solve the matrix equation ΛSv
S
i = Fi−1 is as

follows: According to the analysis given in Section IV, we have
ΛS = D. Unify these equations into⎡

⎢⎢⎢⎣
D1

D2

. . .
DN

⎤
⎥⎥⎥⎦ v = g. (31)

Since D is a diagonal matrix, we can easily obtain

vi = D−1
i gi, i = 1, . . . , N. (32)

Thus, the computational complexity of solving the S + 1 ma-
trix systems is O(SN). We also need an S-step reverse iteration
to figure out Δx. The total computational cost for the proposed
method is O(S2N). �
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