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Abstract—Heterogeneous networks (HetNets), where small cells
are deployed within the coverage of macrocells, can increase ca-
pacity and enhance coverage of a cellular system. Compared with
macrocells, small cells have superiority in terms of low installation
and operation cost because of their small physical size and low
transmission power. Hence, HetNets are deemed as a cost-effective
way to address the everlasting radio spectrum crisis. On the other
hand, HetNets also unfold a new paradigm from the viewpoint of
cellular network planning. In this paper, we study the budgeted
cell planning problem in HetNets, where our aim is to maximize
the number of traffic demand nodes whose required rates are fully
satisfied with a given budget. Our optimization task is challenging,
and the formulated problem is hard to solve because of con-
straints in practical cellular systems, including power limitation,
available bandwidth, and traffic requirements. We develop an
approximation algorithm that yields an (e − 1)/2e fraction of the
optimum, which not only provides quality-guaranteed solutions
to the budgeted cel planning problem but sheds useful lights on
how to plan a HetNet with limited capital expenditure as well.
Preliminary numerical results show that small cells can improve
the capacity of a cellular system significantly if they are properly
planned.

Index Terms—Approximation algorithm, budgeted cell plan-
ning, heterogeneous network (HetNet).

I. INTRODUCTION

THE ever-growing service demand has been stimulating
researchers in academia and industry to exploit advanced

techniques to use the scarce radio spectrum as efficiently
as possible for wireless communications, among which cell
planning has been of crucial importance since the very com-
mercialization of cellular mobile communications. Basically,
planning a cellular network involves both capacity and coverage
design. Conventional cell planning emphasizes site acquisition,
frequency assignment, etc. There are usually two counter ob-
jectives for cell planning: minimizing the total deployment cost
while satisfying the traffic requirements of users [also referred
to as traffic demand points (TDPs)] and maximizing the number
of fully satisfied TDPs with a given deployment budget.
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For the second-generation (2G) cellular network, e.g., the
Global System for Mobile communications system that em-
ploys frequency-division multiple access with a time-division
component, cell planning usually consists of two separate steps
that correspond to coverage design and capacity planning. First,
cell sites are selected from candidate locations and configured
with a series of radio parameters, such as transmission power,
antenna type, azimuth, tilt, and height, to provide strong enough
signal strength for coverage of the service region [1]–[7]; sec-
ond, radio frequency is grouped to provide a sufficient number
of channels per cell to serve the users in the service region.
More importantly, frequency grouping is also the key technique
that suppresses the mutual interference among adjacent cells so
that users can obtain high enough signal-to-interference-plus-
noise ratio (SINR) [3]–[7].

Code-division multiple access (CDMA) is adopted in the
third-generation (3G) cellular network, e.g., the Universal
Mobile Telecommunications System. Frequency grouping is no
longer necessary because each cell can use all radio spectra in
CDMA systems. Thus, cell planning in such cellular systems
always focuses on how to select a set of sites from candidate
sites to install cells and configure their radio parameters to keep
the SINRs of users above a predefined threshold [8]–[12]. Since
the SINR of the user in the CDMA system is related to the
relative power of its association cell and the neighboring cells,
power control is important in this situation. Power control is
the key technique to address the near-far problem in the CDMA
system that can seriously degenerate the performance of the
victim user.

For the fourth-generation (4G) cellular network and beyond,
such as the Long-Term Evolution Advanced (LTE-A) system,
orthogonal frequency-division multiplexing is deemed as an
ideal air interface because of its potential to allocate radio re-
source flexibly, which cannot only equip cellular network with
the ability of satisfying diverse users’ demands but also exploit
diversity gains among users to improve the system throughput
[13], [14]. Furthermore, the LTE-A system employs a HetNet
infrastructure, where small cells, namely, micro/picocells, fem-
tocells, and relays, are introduced to underlay macrocells.
These small cells can fill the coverage blind spots of macrocells
and improve the capacity of the cellular system dramatically,
making the HetNet a promising solution to the radio spectrum
crisis [15]. Moreover, small cells can offer flexible site acqui-
sitions due to their low transmission power and small physical
size, resulting in the HetNet usually being more cost efficient
than the conventional macro-only cellular system in the case of
satisfying equal traffic demand.
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However, the HetNet also brings challenges to cell planning
and other interference-related issues for the cellular system. For
either the second or the third cellular system, approximately
equal transmission power of each cell is always preferred
because it is the most effective and efficient way to avoid in-
terference among adjacent cells. However, it is not the case for
the HetNet, where macrocells and small cells are equipped with
different radio parameters, particularly different transmission
power. For example, the maximum transmission power of a
macrocell is 46 dBm, whereas a small cell can transmit with
a maximum power of only 30 dBm. Thus, conventional cell
planning that can suppress interference between adjacent cells
cannot work well in the HetNet scenario. As a result, coordi-
nated multipoint (CoMP) transmission and reception, intercell
interference coordination (ICIC), and other advanced signal
processing techniques are required to address the interference
management issues in HetNets and have been intensively in-
vestigated in both academia and industry [16]–[18] recently.

However, to the authors’ knowledge, jointly planning the
macrocells and small cells in the HetNet is not extensively in-
vestigated except for some preliminary results reported recently
[19]–[21]. As discussed in [22] and [23], as long as a cellular
network is interference limited and a mobile terminal connects
to the cell that provided the strongest signals, statistically
speaking, the coverage probability of the cellular system is
independent of the number and the density of different types of
cells and their relative power levels. That is to say, cell planning
is also an efficient way to exploit the potential of the HetNet
even if there exists heavy interference between macrocells and
small cells. A well-planned HetNet can provide capacity as
large as possible with limited available radio spectrum and, at
the same time, relieve the pressure of exploiting complex signal
processing techniques to address the interference between small
cells and macrocells. Furthermore, the total number of cells can
be reduced without deteriorating the performance of the cellular
system. In summary, the HetNet can also be deployed in a cost-
efficient way for given capital expenditure, which is always the
key object of service providers and also the motivation of this
research.

In this paper, we investigate the cell planning problem in
the HetNet, where our optimization objective is to maximize
the number of fully satisfied TDPs in a cellular system while
keeping the total deployment cost below a given budget. Both
macrocells and small cells are considered in our network model,
as well as transmission power limitation, available bandwidth,
and rate requirements of TDPs. We show that the formulated
budgeted cell planning problem is NP-hard and address it
with a divide-and-rule strategy. First, we work out the optimal
bandwidth and power allocation for a given cell that can satisfy
a set of TDPs. We show that it is a convex optimization problem
and can be efficiently solved by using Karush–Kuhn–Tucker
(KKT) conditions. Second, a 1/2-approximation algorithm is
developed to yield promising solutions to the problem of
maximizing the number of fully satisfied TDPs for a given
set of cells. Finally, we propose an (e − 1)/2e-approximation
algorithm for the budgeted cell planning problem.

The main contributions of this work are twofold: First, we
develop an optimization framework for cell planning in the

TABLE I
NOTATIONS

HetNet, which covers practical application scenarios in the
next-generation cellular networks; second, we design an ap-
proximation algorithm to address the intractable cell planning
problem, which is different from other heuristic methods that
have no worse-case performance guarantees. Moreover, the
approximation ratio of our proposed algorithm is also attractive,
indicating that it could be used to plan a practical HetNet,
which is confirmed by preliminary numerical results. In brief,
our proposed cell planning scheme sheds some insights on
how to deploy a heterogeneous cellular network at the lowest
possible cost.

The remainder of this paper is organized as follows. In
Section II, we present the network model and formulate the
budgeted cell planning problem. Related works are also dis-
cussed in this section. In Section III, our proposed algorithms
are detailed. To make the idea easy to follow, three subsections
are organized in a gradual manner. In Section IV, fundamental
numerical results are reported, as well as discussions about
the interference management issue. Conclusions are drawn in
Section V.

II. NETWORK MODEL AND PROBLEM FORMULATION

A. Network Model

Some frequently used notations are listed in Table I.
Consider an area served by a cellular system. The can-

didate sites to deploy macrocells and small cells are de-
noted as Nm and Ns, respectively.1 Denote N = Nm ∪ Ns =
{1, 2, . . . , N}, for each cell n ∈ N , cn is the installation cost,
andPn,max is the maximum transmission power. The maximum
available bandwidth is B for both macrocells and small cells.

The set of TDPs is denoted as K = {1, 2, . . . ,K}. Each
TDP can be served by one cell. The rate requirement of TDP

1There are also small cells that are installed by users in an unplanned manner,
which are usually referred to as femtocells. Such cells are not considered in
this work.
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k ∈ K is Rk,min, where Rk,min > 0. The channel gain between
cell n and TDP k is gk,n, which is determined by the path-
loss propagation model, usually including antenna gain, path-
loss exponent, and shadow fading. Denote the bandwidth and
the power allocated to TDP k by cell n as bk,n and pk,n,
respectively, the achievable rate from cell n to TDP k can be
calculated as

rk,n = bk,n log2

(
1 +

pk,n|gk,n|2
ΓN0bk,n

)
(1)

where Γ is the SNR gap related to a given bit error rate
(BER) for a specific modulation/demodulation scheme, e.g.,
Γ = −ln(5BER)/1.6 for an uncoded multilevel quadrature
amplitude modulation system [24]. N0 is the power spectral
density of additive white Gaussian noise (AWGN). Denote
Gk,n = g2k,n/ΓN0, the rate of the TDP k is

RK =
∑
n∈N

yk,nbk,n log2

(
1 +

pk,nGk,n

bk,n

)
(2)

where yk,n indicates whether the TDP k is served by cell n or
not, that is

yk,n =

{
1, TDP k is associated to cell n

0, otherwise.
(3)

B. Problem Formulation

The budgeted cell planning problem is to select a subset from
N to maximize the number of fully satisfied TDPs, while the
total installation cost cannot exceed a given budget C. Define
two index variables zn and Yk, then

zn =

{
1, cell n is selected

0, otherwise
(4)

Yk =

{
1, TDP k is satisfied

0, otherwise.
(5)

Our optimization task can be formulated as

max
zn,yk,n,Yk
bk,n,pk,n

∑
k∈K

Yk

s.t. C1 :
∑
k∈K

bk,n ≤ znB ∀n ∈ N

C2 :
∑
k∈K

pk,n ≤ znPn,max ∀n ∈ N

C3 : YkRk,min ≤ Rk ∀ k ∈ K
C4 : 0 ≤ bk,n ≤ yk,nB ∀ k ∈ K, n ∈ N
C5 : 0 ≤ pk,n ≤ yk,nPn,max ∀ k ∈ K, n ∈ N
C6 : zn, yk,n, Yk ∈ {0, 1} ∀ k ∈ K, n ∈ N
C7 :

∑
n∈N

cnzn ≤ C

C8 :
∑
n∈N

yk,n = Yk ∀ k ∈ K. (6)

C1 and C2 indicate that the available bandwidth and power of
cell n are limited to B and Pn,max, respectively. C3 is the rate

requirement of the TDP k served by cell n. C4 and C5 are the
bandwidth and power constraints of each TDP, that is, if yk,n =
1, we have bk,n ≤ B and pk,n ≤ Pn,max; otherwise, bk,n = 0,
and pk,n = 0. C7 indicates that the total installation cost cannot
exceed a given budgetC. C8 shows that each TDP can be served
by only one cell.

C. Related Work

Cell planning in the 2G/3G cellular systems is usually for-
mulated as a capacitated facility location problem. Since such
kinds of problems are generally NP-hard, heuristic methods,
such as tabu search, simulated annealing, and evolutionary
algorithms, are usually attractive because they can produce fea-
sible and even promising solutions with reasonable complexity.
Many heuristic methods have been proposed to handle the cell
planning problem for the 2G/3G cellular systems in the liter-
ature [5]–[12]. Although the proposed algorithms may work
well for some practical cases as shown in these works, few of
them can guarantee the performance of the proposed planning
algorithms in the worst case. It is inconclusive to encourage
service providers to apply them for a practical cell planning.
In this paper, we try to develop approximation algorithms that
hopefully give guaranteed performance in the worst case.

Equation (6) is a mixed-integer programming problem,
which is NP-hard [25]. The general form of (6) is the
budgeted maximum coverage problem [26]: Given a collection
of sets S = {S1, S2, . . . , Sm} with associated costs ci, i =
1, 2, . . . ,m, which is defined over a domain of elements X =
{x1, x2, . . . , xn} with associated weights wj , j = 1, 2, . . . , n,
the objective is to find a subset S1 of S to maximize the total
weight of elements of the subset under the constraint that the
total cost of S1 does not exceed a given budget. If each set
has unit cost, it is also called a weighted maximum coverage
problem [27]. Particularly, if wj = 1, j = 1, 2, . . . , n, it is
also called a max-k-cover problem [28], [29]. Given a positive
integer k, the weighted maximum coverage problem is to find
a subset S2 with |S2| = k to maximize the total weight of the
elements, and the max-k-cover problem is to find a subset S3

with |S3| = k to cover the largest number of elements.
The weighted maximum coverage problem, the budgeted

maximum coverage problem, and the max-k-cover problem are
all NP-hard. A greedy algorithm that achieves an approximation
ratio of 1 − 1/e for the max-k-cover problem is proposed [28].
In [29], Feige proved that the max-k-cover problem cannot
be approximated within a ratio of 1 − 1/e+ ε for any ε > 0
unless NP ⊆ DTIME(nO(log logn)), which means that 1 − 1/e
is the best approximation ratio for such kind of problems.
In [27], a 1 − (1 − 1/ρ)ρ approximation algorithm for the
weighted maximum coverage problem is proposed, where ρ =
maxi=1,2,...,m |Si|. For small values of ρ, this approximation
ratio is better than 1 − 1/e. In [26], Khuller et al. developed two
greedy-based algorithms for the budgeted maximum coverage
problem, one of which achieves an approximation ratio of
1 − 1/

√
e, whereas the other achieves an approximation ratio

of 1 − 1/e. They also proved that no approximation algorithm
with a ratio better than 1 − 1/e exists for the budgeted maxi-
mum coverage problem unless NP ⊆ DTIME(nO(log logn)).
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Interestingly, the generalized maximum coverage problem
is also akin to the budgeted maximum coverage problem. For
the generalized maximum coverage problem, the weight and
the cost of an element are dependent on which set covers it. The
objective is also to select sets to maximize the weighted sum of
elements in these sets, while the total cost cannot exceed a given
budget. In [30], two approximation algorithms for solving the
generalized maximum coverage problem are proposed, which
achieve approximation ratios of (e− 1)/(2e− 1)− ε and (e−
1)/e− ε for every ε > 0.

It is worth noticing that in [31], the budgeted cell planning
problem is formulated as a capacitated maximum coverage
problem, which aims to find a subset of cells to cover the largest
number of TDPs while the capacity of each cell is limited,
as well as the total deployment cost. The formulated problem
is NP-hard, and an (e− 1)/(3e− 1)-approximation algorithm
is presented for a special case. However, link gains between
TDPs and base stations are not considered, resulting in an
unreasonable assumption that a TDP always consumes equal
radio resources whichever cell serves it. As a matter of fact, a
TDP should be served by the cell that can provide the highest
SINR so as to consume radio resources as few as possible to
provide the required transmission rate from the viewpoint of the
system. Particularly for the LTE-A system, the transmission rate
can be adjusted based on the link gain between the base station
and the user served by it. In other words, only considering the
link gain can the number of TDPs be maximized for the cell
planning in HetNets.

III. (e− 1)/2e-APPROXIMATION ALGORITHM

To solve the budgeted cell planning problem, we first answer
the following two questions: Given a set of TDPs and a cell, is
it possible for the cell to satisfy all the TDPs’ rate requirements
with its bandwidth and power budgets? Given a set of cells,
how can we maximize the number of TDPs whose required
rates can be fully satisfied? We call the former the bandwidth
and power allocation problem, the optimal solution to which
can be obtained by using KKT conditions and numerical algo-
rithms. The latter is called the TDP assignment problem, and
we develop a 1/2-approximation algorithm for this problem.
Finally, we generalize the method proposed in [26] and develop
an (e − 1)/2e-approximation algorithm for the budgeted cell
planning problem.

A. Bandwidth and Power Allocation Problem

Denote the bandwidth and power budgets of the cell n as B
and Pn,max, respectively, the set of TDPs cell n to be served by
the cell n is Kn, the bandwidth and power allocation problem
can be directly described as follows:

find bk,n, pk,n

s.t. C1 :
∑
k∈Kn

bk,n ≤ B

C2 :
∑
k∈Kn

pk,n ≤ Pn,max

C3 : rk,n = Rk,min, ∀ k ∈ Kn

C4 : bk,n ≥ 0, pk,n ≥ 0, ∀ k ∈ Kn. (7)

If we can find a feasible solution to (7), we claim that all TDPs
in Kn can be covered by cell n. However, (7) cannot be solved
straightforward as can be seen from the objective function. We
can give an alternate form of (7). Assume that all available
bandwidth B is consumed to serve the TDPs in Kn, if the
required power to satisfy the TDPs’ rate requirements does not
exceed the power budget Pn,max, cell n can certainly cover Kn.
Correspondingly, we define the following optimization problem
to achieve the given ideas:

min
bk,n,pk,n

∑
k∈Kn

pk,n

s.t. C1 :
∑
k∈Kn

bk,n = B

C2 : rk,n = Rk,min ∀ k ∈ Kn

C3 : bk,n ≥ 0, pk,n ≥ 0 ∀ k ∈ Kn. (8)

Based on C2 in (8) and the definition of rk,n, we have

pk,n =
bk,n
Gk,n

·
(

2
Rk,min

bk,n − 1

)
. (9)

Substituting (9) into (8), we have

min
bk,n

∑
k∈Kn

bk,n
Gk,n

·
(

2
Rk,min
bk,n − 1

)

s.t. C1 :
∑
k∈Kn

bk,n = B

C2 : bk,n ≥ 0 ∀ k ∈ Kn. (10)

Equation (10) defines a convex problem because the objective
function is convex, and all the constraints are affine. Hence, it
can be solved by standard convex optimization techniques. The
Lagrangian of (10) is

J =
∑
k∈Kn

bk,n
Gk,n

·
(

2
Rk,min
bk,n − 1

)

+ λ

( ∑
k∈Kn

bk,n −B

)
−

∑
k∈Kn

μk,nbk,n

where λ and μk,n are the Lagrange multipliers. Let b∗k,n and λ∗,
μ∗
k,n be the primal and dual optimal points with zero duality

gap [32]. By using KKT conditions [32], we get the following
equations:

λ∗ = − 1
Gk,n

[(
1 − Rk,min ln 2

b∗k,n

)
2

Rk,min
b∗
k,n − 1

]
(11)

∑
k∈Kn

b∗k,n = B (12)

μ∗
k,n = 0, b∗k,n > 0. (13)

Equation (13) is intuitive because the rate requirement of the
TDP k cannot be satisfied with consuming no power. b∗k,n and
λ∗ can be solved via a bisection method. The outline of the
algorithm (see Algorithm 1) for the bandwidth and power allo-
cation problem is described in Table II, where ε is a tolerance,
and Δ is a suitably large number. Let Pn(Kn) =

∑
k∈Kn

p∗k,n
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TABLE II
ALGORITHM 1: BANDWIDTH AND POWER ALLOCATION

be the optimal value of (8). If Pn(Kn) does not exceed Pn,max,
the rate requirements of all TDPs in Kn can be satisfied by cell
n, and we claim that cell n can cover Kn; otherwise, cell n
cannot serve all TDPs in Kn.

B. TDP Assignment Problem

The TDP assignment problem is to maximize the number of
fully satisfied TDPs by a given set of cells N′ ⊆ N under their
bandwidth and power budgets. The mathematical form is

max
yk,n,Yk

bk,n,pk,n

∑
k∈K

Yk

s.t. C1 :
∑
k∈K

bk,n ≤ B ∀n ∈ N ′

C2 :
∑
k∈K

pk,n ≤ Pn,max ∀n ∈ N ′

C3 :
∑
n∈N ′

rk,n = YkRk,min

C4 : yk,nB ≥ bk,n ≥ 0 ∀ k ∈ K ∀n ∈ N ′

C5 : yk,nPn,max ≥ pk,n ≥ 0 ∀ k ∈ K ∀n ∈ N ′

C6 : yk,n, Yk ∈ {0, 1} ∀ k ∈ K, n ∈ N ′

C7 :
∑
n∈N ′

yk,n = Yk ∀ k ∈ K. (14)

Equation (14) is a mixed-binary-integer programming prob-
lem, which is NP-hard. We develop a 1/2-approximation al-
gorithm to obtain promising solutions, which is described in
Table III (see Algorithm 2). Denote K′

n as the set of TDPs
assigned to cell n by Algorithm 2. First, we initialize K′

n = ∅
for each cell n ∈ N ′. Moreover, we define a searching index
matrix I(k, n) for each k ∈ K, n ∈ N ′, where I(k, n) = 0
indicates that the pair of TDP k and cell n has been checked;
otherwise, I(k, n) = 1. Then, we calculate Pn({k}) for each
k ∈ K, n ∈ N ′. Pn({k}) can be simply calculated by substitut-
ing bk,n = B into (9). At each iteration, we check all entries of

TABLE III
ALGORITHM 2: TDP ASSIGNMENT

1’s in matrix I(k, n) and find out the I(k∗, n∗) that corresponds
to the minimum power consumption Pn∗({k∗}). Moreover,
Pn∗(K′

n∗ ∪ {k∗}) can be worked out by using Algorithm 1. If
the required power of cell n∗ is less than its transmission power
budget, we assign TDP k∗ to cell n∗ and set I(k∗, n) = 0 for
each n ∈ N ′. Otherwise, cell n∗ cannot satisfy any remaining
TDP since k∗ can use the same allocated bandwidth with less
power consumption compared with all the remaining TDPs.
Hence, we can safely set I(k, n∗) = 0 for each k ∈ K. The
check procedure terminates when all entries of the index matrix
are zeros.

To prove the approximation ratio of Algorithm 2, we need
the following fact.

Fact 1: Given positive numbers A, a1, a2 such that a1 − 1 ≥
A · (a2 − 1), where a1 > 1, a2 > 1, and A > 0, then

an1 − 1 ≥ A · (an2 − 1) ∀n ≥ 1, n ∈ R.

Lemma 1: For cell n and two sets of TDPs M1 and
M2, where |M1| = |M2|. If Pn({k1}) ≥ Pn({k2}) ∀ k1∈M1,
k2 ∈ M2, then Pn(M1) ≥ Pn(M2).

Proof: Let p∗k,n and b∗k,n be the optimal power and band-
width allocation for Pn(M1). Since Pn({k1}) ≥ Pn({k2})
∀ k1 ∈ M1, k2 ∈ M2, we have

1
Gk1,n

·
(

2Rk1,min/B − 1
)
≥ 1

Gk1,n
·
(

2Rk2,min/B − 1
)
.

The key idea of the proof is that the power consumption to
serve the TDPs in M2 is less than Pn(M1), even consuming the
same bandwidth allocation b∗k,n. For each k1 ∈ M1, k2 ∈ M2,
we can obtain

p∗k2,n =
b∗k1,n

Gk1,n
·
(

2

Rk1,min

b∗
k1 ,n − 1

)

=
b∗k1,n

Gk1,n
·
(

2

Rk1,min

B · B
b∗
k1,n − 1

)

≥
b∗k1,n

Gk2,n
·
(

2

Rk2,min
B · B

b∗
k1,n − 1

)

=
b∗k1,n

Gk2,n
·
(

2

Rk2,min

b∗
k1 ,n − 1

)
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where the inequality follows Fact 1 since b∗k1,n
is always less

than B. We consider the same bandwidth allocation for the
TDPs in M2, that is, each TDP k2 ∈ M2 gets b∗k1,n

bandwidth.
We have

Pn(M1) =
∑

k1∈M1

p∗k1,n

≥
∑

k2∈M2

b∗k1,n

Gk2,n
·
(

2

Rk2,min

b∗
k1,n − 1

)

≥Pn(M2).

�
According to Lemma 1, we can also obtain the following

corollary.
Corollary 1: For cell n and two sets of TDPs M1 and M2. If

Pn({k1}) ≥ Pn({k2}) ∀ k1 ∈ M1, k2 ∈ M2, and Pn(M1) <
Pn(M2), then |M1| < |M2|.

Proof: The conclusion is intuitive because if |M1| ≥
|M2|, we consider a set M ′ ⊆ M1 of TDPs, where |M ′| =
|M2|, and then

Pn(M1) ≥ Pn(M
′) ≥ Pn(M2).

Thus, we always have |M1| < |M2|. �
Now, we can give the approximation ratio of Algorithm 2.
Theorem 1: Algorithm 2 is a 1/2-approximation for the TDP

assignment problem.
Proof: Let KOPT be the set of fully satisfied TDPs in the

optimal solution of (14). For each cell n ∈ N ′, let KOPT
n be the

set of TDPs satisfied by cell n in the optimal solution. Let K′

be the set of selected TDPs chosen by Algorithm 2 and K′
n be

the set of TDPs assigned to cell n in K′.
Consider cell n ∈ N ′. According to the TDP assignment

procedure shown in Algorithm 2, we always have

Pn{k2} ≥ Pn{k1} ∀ k1 ∈ K′
n, k2 ∈ KOPT

n \K′. (15)

Moreover, we have

Pn (K′
n ∪ {k2}) > Pn,max (16)

for each k2 ∈ KOPT
n \K′; otherwise, TDP k2 would be assigned

to cell n according to Algorithm 2. At the same time, since the
TDPs in KOPT

n are assigned to cell n in the optimal solution,
we also have

Pn,max ≥ Pn

(
KOPT

n \K′) . (17)

According to (16) and (17), we can obtain

Pn (K′
n ∪ {k2}) > Pn

(
KOPT

n \K′) . (18)

Based on (15), (18), and Corollary 1, we have

|K′
n ∪ {k2}| >

∣∣KOPT
n \K′∣∣ .

Thus

|K′
n| ≥

∣∣KOPT
n \K′∣∣ .

TABLE IV
ALGORITHM 3: CELL SELECTION

Moreover

2 · |K′| = |K′|+
∑
n∈N ′

|K′
n|

≥ |KOPT ∩ K′|+
∑
n∈N ′

∣∣KOPT
n \K′∣∣

= |KOPT ∩ K′|+ |KOPT \K′|.

Since |KOPT ∩K′|+ |KOPT \K′| = |KOPT |, we can get

|K′| ≥ 1
2
|KOPT |. �

C. Cell Selection

Based on the discussions of the bandwidth and power alloca-
tion problem and the TDP assignment problem, we can develop
an approximation algorithm to solve the budgeted cell planning
problem defined by (6), which is described in Table IV, where
K′

H denoted the set of TDPs selected by Algorithm 2 for a given
set of cells H ⊆ N .

The key idea of our proposed algorithm is: The cell with the
least average cost to serve newly added TDPs has the priority
to be selected unless such an addition violates the budget
constraint C7 in (6). At the beginning of the cell selection
procedure, all possible sets, which include less than three cells,
are tested, based on which we can test all possible combinations
of three cells. For each combination, the inner loop in Table IV
is performed to select the cell with the least average cost to
serve newly added TDPs if the total cost does not exceed the
budget C until all cells are checked. Both the set of satisfied
TDPs and the corresponding set of cells that serve these TDPs
are updated after each outer loop.

To prove the approximation ratio of Algorithm 3, we need
the following mathematical facts:
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Fact 2: Given positive numbers a1, . . . , an and b1, . . . , bn,
then

max
i=1,...,n

ai
bi

≥
∑n

i=1 ai∑n
i=1 bi

.

Fact 3: Given positive numbers a1, . . . , an, A, if
∑n

i=1 ai =
A, then

n∏
i=1

(
1 − ai

A

)
≤

(
1 − 1

n

)n

.

For an instance of cell planning, let z∗n, y
∗
k,n, Y

∗
k , b

∗
k,n, p

∗
k,n

be the optimal solution of (6). Denote N∗ as the corresponding
set of selected cells and K∗ as the set of TDPs served by N∗,
respectively. Let K′

H,n be the set of TDPs assigned to cell n,
n ∈ H . Since Algorithm 2 achieves a 1/2-approximation
ratio, we have

|K′
N ∗ | ≥ 1

2
|K∗|.

Without loss of generality, we assume that |N ∗| > 3 (oth-
erwise, Algorithm 3 must find the optimal solution), and it
will cover at least (1/2)|K∗| TDPs. Order the cells in N∗

by selecting the cells in N∗ at each step that covers the
maximum number of newly covered TDPs. Since all possible
combinations of selecting three cells are tested by Algorithm 3,
we consider the first three cells in this order as shown in line
8 of Algorithm 3. r is the number of iterations executed by
Algorithm 3 when the first cell from N∗ is checked but still
not added to N′ since such an addition would excess the budget
C. L is the number of cells selected in the first r iterations, and
nl is the lth selected cell, l = 1, 2, . . . , L, where n1, n2, and n3

are the first three cells that are checked in line 8 of Algorithm 3.
nL+1 denotes the cell checked at the rth iteration. l denotes
the iteration index when cell nl is checked. N′

l =
⋃l

j=1{nj}
is the set of all selected cells for l = 1, 2, . . . , L+ 1, and C ′ =
C −

∑3
j=1 cnj

.
Lemma 2: After the lth iteration, l = 4, . . . , L+ 1, the fol-

lowing equation holds:∑
n∈N ∗\N ′

l

(∣∣∣K′
N ′

l
∪{n}

∣∣∣− ∣∣∣K′
N ′

l

∣∣∣) ≥ |K′
N ∗ | −

∣∣∣K′
N ′

l

∣∣∣ .
Proof: Since each cell n ∈ N∗ can cover |K′

N ∗,n| TDPs
in the optimal solution, |K′

N ′
l
∪{n}| − |K′

N ′
l
| is no less than the

number of the TDPs covered by cell n in N′ but not covered by
N′

l . Thus, we always have∣∣∣K′
N ′

l
∪{n}

∣∣∣− ∣∣∣K′
N ′

l

∣∣∣ ≥ ∣∣∣K′
N ∗,n\K′

N ′
l

∣∣∣
for each cell n ∈ N∗\N ′

l . We can obtain∑
n∈N ∗\N ′

l

∣∣∣K′
N ′

l
∪{n}

∣∣∣− ∣∣∣K′
N ′

l

∣∣∣ ≥ ∑
n∈N ∗\N ′

l

∣∣∣K′
N ∗,n\K′

N ′
l

∣∣∣
≥ |K′

N ∗ | −
∣∣∣K′

N ′
l

∣∣∣
where the inequality follows from the fact that |K′

N ∗ | − |K′
N ′

l
|

is no more than the number of the TDPs covered by N∗ but not
covered by N′

l . �

The following two lemmas are generalized from the
weighted budgeted maximum coverage problem [26].

Lemma 3: After the lth iteration, l = 4, . . . , L+ 1, the fol-
lowing equation holds:∣∣K′

Nl

∣∣− ∣∣∣K′
N ′

l−1

∣∣∣ ≥ cnl

C ′ ·
(
|K′

N ∗ | −
∣∣∣K′

N ′
l−1

∣∣∣) .

Proof: For each iteration l, l ≤ r, the cell nl satisfies∣∣∣K′
N ′

l

∣∣∣− ∣∣∣K′
N ′

l−1

∣∣∣
≥ max

n∈N ∗\N ′
l

cnl

cn
·
(∣∣∣K′

N ′
l
∪{n}

∣∣∣ − ∣∣∣K′
N ′

l

∣∣∣)

≥ cnl∑
n∈N ∗\N ′ cn

·
∑

n∈N ∗\N ′
l

(∣∣∣K′
N ′

l
∪{n}

∣∣∣ − ∣∣∣K′
N ′

l

∣∣∣)

≥ cnl

C ′ ·
(
|K′

N ∗ | −
∣∣∣K′

N ′
l−1

∣∣∣) .

In the proof, the first inequality can be intuitively deduced
from Algorithm 3, and the second inequality follows by Fact 2.
The last inequality follows because

∑
n∈N ∗\N ′ cn is bounded

by C ′. �
Lemma 4: After the lth iteration, l = 4, . . . , L+ 1, the fol-

lowing equation holds:

∣∣∣K′
N ′

l

∣∣∣− ∣∣∣K′
N ′

2

∣∣∣ ≥
⎡
⎣1 −

l∏
j=4

(
1 −

cnj

C ′

)⎤⎦ ·
(
|K′

N ∗ | −
∣∣∣K′

N ′
2

∣∣∣) .

Proof: Consider the 4th iteration, based on Lemma 3, we
have ∣∣∣K′

N ′
4

∣∣∣ − ∣∣∣K′
N ′

3

∣∣∣ ≥ cn4

C ′ ·
(
|K′

N ∗ | −
∣∣∣K′

N ′
3

∣∣∣) .

Moreover, we can obtain∣∣∣K′
N ′

l

∣∣∣− ∣∣∣K′
N ′

3

∣∣∣
=

∣∣∣K′
N ′

l−1

∣∣∣− ∣∣∣K′
N ′

3

∣∣∣ + (∣∣∣K′
N ′

l

∣∣∣− ∣∣∣K′
N ′

l−1

∣∣∣)

≥
∣∣∣K′

N ′
l−1

∣∣∣− ∣∣∣K′
N ′

3

∣∣∣ + cnl

C ′ ·
(
|K′

N ∗ | −
∣∣∣K′

N ′
l−1

∣∣∣)

=
(

1 − cnl

C ′

)
·
(∣∣∣K′

N ′
l−1

∣∣∣− ∣∣∣K′
N ′

3

∣∣∣)

+
cnl

C ′ ·
(
|K′

N ∗ | −
∣∣∣K′

N ′
2

∣∣∣)

≥
(

1 − cnl

C ′

)
·

⎡
⎣1 −

l−1∏
j=4

(
1 −

cnj

C ′

)⎤⎦

·
(
|K′

N ∗ | −
∣∣∣K′

N ′
3

∣∣∣)+
cnl

C ′ ·
(
|K′

N ∗ | −
∣∣∣K′

N ′
3

∣∣∣)

=

⎡
⎣1 −

l∏
j=4

(
1 −

cnj

C ′

)⎤⎦ ·
(
|K′

N ∗ | −
∣∣∣K′

N ′
3

∣∣∣) . �

Theorem 2: Algorithm 3 achieves an approximation factor of
(e − 1)/2e for the cell planning problem.
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Proof: According to Fact 3 and Lemma 4, at the
(L+ 1)th iteration, we can obtain∣∣∣K′

N ′
L+1

∣∣∣− ∣∣∣K′
N ′

3

∣∣∣
≥

⎡
⎣1 −

L+1∏
j=4

(
1 −

cnj

C ′

)⎤⎦ ·
(
|K′

N ∗ | −
∣∣∣K′

N ′
3

∣∣∣)

≥

⎡
⎣1 −

L+1∏
j=4

(
1 −

cnj∑L+1
j=4 cnj

)⎤
⎦ ·

(
|K′

N ∗ | −
∣∣∣K′

N ′
3

∣∣∣)

≥
[

1 −
(

1 − 1
L+ 1

)L+1
]
·
(
|K′

N ∗ | −
∣∣∣K′

N ′
3

∣∣∣)

≥
(

1 − 1
e

)
·
(
|K′

N ∗ | −
∣∣∣K′

N ′
3

∣∣∣) .

Then∣∣∣K′
N ′

L

∣∣∣ = ∣∣∣K′
N ′

L+1

∣∣∣− (∣∣∣K′
N ′

L+1

∣∣∣− ∣∣∣K′
N ′

L

∣∣∣)
≥

(
1 − 1

e

)
·
(
|K′

N ∗ | −
∣∣∣K′

N ′
2

∣∣∣) +
∣∣∣K′

N ′
2

∣∣∣− 1
3

∣∣∣K′
N ′

2

∣∣∣
≥

(
1 − 1

e

)
·
(
|K′

N ∗ | −
∣∣∣K′

N ′
2

∣∣∣+ ∣∣∣K′
N ′

2

∣∣∣) .

=

(
1 − 1

e

)
· |K′

N ∗ |

≥ e− 1
2e

· |K∗|.

Notice that the number of TDPs served by K′
N ′

L
is no more

than the number of TDPs selected by Algorithm 3. Hence,
Algorithm 3 can achieve an approximation factor of (e − 1)/2e
for the budgeted cell planning problem. �

IV. NUMERICAL RESULTS AND DISCUSSIONS

A. Numerical Results

We give some numerical results to evaluate our cell plan-
ning algorithms. We compare the HetNet and the deploy-
ment scheme without small cells for the same celluar system.
Simulation parameters, such as path-loss models, maximum
transmission power, total available bandwidth, etc., are based
on the specifications proposed in [33]. The service area is
3 × 3 km2. There are 30 candidate macrocells and 50 candidate
small cells in the area, which are randomly generated. The
maximum transmission power of a macrocell is 46 dBm, and
the installation cost varies within an interval of (8, 12). The
transmission power of each small cell is limited to 30 dBm,
and the installation cost is uniformly distributed in the interval
(8 · t, 12 · t), where t is the ratio of the average installation
cost of a small cell to that of a macrocell. The total available
bandwidth is 20 MHz. Each TDP is uniformly distributed in
the deployment area with a rate requirement of 3 Mb/s. The
path loss (in decibels) from the BS of the macrocell to TDP
is 128.1 + 37.6 log10(R), and the path loss from the BS of the
small cell to TDP is 140.7 + 36.7 log10(R) for distance R in
kilometers. The standard deviation of lognormal shadowing is

Fig. 1. Average percentage of the fully satisfied TDPs as a function of t,
K = 100, 200, 400, and C = 40.

10 dB. The noise power spectral density is −180 dBm/Hz, and
Γ is set to 7.6288 (BER = 10−6).

First, we investigate the average percentage of the fully
satisfied TDPs versus parameter t. The number of TDPs varies
from 100 to 400, as shown in Fig. 1. The budget C is set to 40.
In Fig. 1, we can see that the percentage of the fully satisfied
TDPs decreases as t increases. The reason is intuitive. When
t is small, more small cells can be selected with given budget
C. Thus, the area spectrum efficiency of the considered cellular
system is improved. The performance of the HetNet is much
better than the macrocell-only scheme, even if the installation
cost of the small cell is not attractive, e.g., for the case of
t = 0.3. On the other hand, for a given t, as the number of
TDPs increases, the satisfied TDPs also increase for both the
HetNet and the macrocell-only network. However, the average
percentage of the satisfied TDPs decreases for both schemes as
the number of TDPs increases. It can be explained as follows.
As the density of TDPs increases, a small cell cannot serve all
TDPs it covers. It is the same case for a macrocell.

Second, we investigate the average percentage of the fully
satisfied TDPs as a function of deployment budget. The number
of TDPs is set to K = 200. As expected, we can see in Fig. 2
that the average percentage of the fully satisfied TDPs increases
as the budget increases because more cells can be installed for
a big budget. Again, we can find that the HetNet can serve
more TDPs than the macrocell-only scheme. However, the gap
between the HetNet and the macrocell-only network becomes
smaller as t increases. Particularly for the case of t = 0.3, the
gap is slight for any given budget, indicating that the optimal
number of small cells underlaying a macrocell is dependent on
the cost ratio of the small cell to the macrocell.

B. Discussions of Interference Issues

In a practical HetNet, inter-layer and cross-layer interference
are the major factors that influence the system capacity. For
the LTE-A network, macrocells are interconnected with each
other by X2 interface, which facilitates that CoMP and ICIC
technologies can be employed to reduce intercell interference
[17], [18] and significantly improve cell-edge user throughput.
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Fig. 2. Average percentage of the fully satisfied TDPs as a function of the
budget; K = 200, and t = 0.1, 0.2, and 0.3.

Additionally, due to the low transmission power of small cells,
the interlayer interference between two small cells is usually
slight if they are far apart. Therefore, we can safely put aside the
interlayer interference in the cell planning phase for the HetNet.
On the other hand, for the case of densely deployed small cells,
fractional frequency reuse [34] for interference management
can be employed. Our proposed cell planning strategy can also
be adopted with necessary modifications.

Since small cells usually locate within the coverage of
macrocells, cross-layer interference management becomes a
critical issue for the HetNet. For instance, users served by a
macrocell might suffer heavy interference from multiple small
cells within the macrocell, and vice versa. Generally, the cross-
layer interference is very hard to tackle for cell planning in
HetNet because the infrastructure of the HetNet is totally
different from conventional cellular systems where only homo-
geneous cells exist. Fortunately, as discussed in [22] and [23],
for a k-tier heterogeneous cellular network, analysis shows that
the number and density of different types of cells and their
relative power levels do not change the coverage probability
of the cellular system under some reasonable and practical
assumptions. By carefully designing a cell association strategy,
cell planning can be independent of interference management.

Although cell association and interference coordination are
not discussed in this work, it is noteworthy that our proposed
planning algorithm can work for any kind of cellular networks
even if considering the interference between different cells,
except that the approximation ratio may not be proved since the
optimal solution cannot be described in these circumstances.
In brief, our proposed algorithm provides a performance-
guaranteed cell planning scheme for cellular networks that
employ HetNet infrastructure. Thus, we can conservatively
conclude that our proposal sheds insights on how to deploy a
HetNet in a cost-efficient way.

V. CONCLUSION

In this paper, we have studied the budgeted cell planning
problem in HetNets. We try to select a subset of candidate cells

to maximize the number of fully satisfied TDPs while keeping
the total deployment cost below a given budget. In addition to
involving both small cells and macrocells, our network model
also takes practical limitations in cellular systems into consider-
ation, including transmission power of different types of cells,
spectrum limitations, and traffic demands. In particular, link
gains between the base station and users are considered in our
problem formulation, which characterizes the distinctiveness
of the HetNets. By minimizing the power consumption of a
cell with given bandwidth, we design a 1/2-approximation
algorithm to assign TDPs to a given set of cells, and based
on this, an (e − 1)/2e-approximation algorithm is developed
to solve the target budgeted cell planning problem. Preliminary
numerical results and discussions of interference issues are also
given. For future work, relay nodes should be investigated.
Relays offer additional flexibility where wireline backhaul is
unavailable or not economical. The potential sites of relays are
constrained by the channel gain between the relays and the
donor cell. Such a problem is important but hard to address
because relays can only be selected with a given donor cell.
Moreover, the interference issue should also be investigated in
more detail to design a more practical cell planning scheme for
HetNets.
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