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Abstract— Dynamic spectrum access is a potential solution to
the long-standing radio spectrum scarcity and usage inefficiency
issue, for which spectrum sensing is one of the key challenges.
In this letter, we investigate the spectrum sensing order problem
in the scenario that the secondary user equipped with limited
sensing capability can get access to the idle spectrum across
multiple network service providers opportunistically by spectrum
sensing, where the probability of the spectrum being idle varies
at temporal scale and is not available for the users. We employ
an online learning method, referred to as discounted Thompson
sampling, to address the formulated optimization task, which can
track the changes of the probability of the spectrum availability
and yields more spectrum access opportunities compared to other
methods.

Index Terms— Online learning, spectrum sensing, Thompson
sampling.

I. INTRODUCTION

URING the past decades, the rapid growth of mobile
data traffic incurs radio spectrum scarcity issue facing
mobile service providers (SPs). However, investigations have
also shown that the spectrum licensed on different agencies is
underutilized. That is, part of the licensed spectrum, which
is generally divided into a number of channels in mobile
communication systems, is idle at temporal and spatial scales,
leading to spectrum usage inefficiency. Dynamic spectrum
access is deemed as a potential solution to spectrum scarcity
and usage inefficiency problem since the secondary users
(SUs) are expected to exploit and get access to the licensed
spectrum opportunistically provided that they do not throw too
much interference to the licensed primary users [1], [2]. It has
attracted much attention in the past two decades.
Spectrum sensing is the prerequisite of dynamic spectrum
access. However, spectrum sensing is generally expensive
and time-consuming since it is difficult for an SU to sense
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a wide range of spectrum due to the hardware limitation [3].
As a result, spectrum sensing order is important for the SU in
dynamic spectrum access systems. Ideally, an SU should sense
the channel with the highest probability of being idle. In [4], a
descending channel sensing order is proposed given the prior
idle probability of channels. If the activities of primary users
are unknown, an SU can sense the channels based on the
achievable rates as discussed in [5]. The case of the unknown
idle probability of channels is investigated in [6], where a
Q-learning method is introduced to improve system perfor-
mance. A two-stage learning algorithm is proposed in [7],
where the SU performs channel selection with reinforcement
learning to minimize the time spent on channel sensing.

However, the aforementioned methods cannot cope with
the following common scenarios: First, the probability of
a given portion of spectrum being idle, e.g., the spectrum
licensed to an agency, is usually unavailable; second, even
though we could estimate the probability of spectrum being
idle by observing it for quite a long time, it could change
aperiodically. In other words, we may use outdated statisti-
cal information to make decision in this case, resulting in
deteriorating system performance. These facts motivate us
to set up a reasonable spectrum sensing model and develop
efficient algorithm to track the changes of the idle probability
of spectrum for dynamic spectrum access systems.

In this letter, we investigate the spectrum sensing problem
across multiple SPs, where the probability of spectrum being
idle is different for each SP. Moreover, the statistical law of
the probability of idle spectrum also varies at temporal scale.
We formulate an online learning framework to track the
spectrum idle probability and introduce an efficient algorithm,
the discounted Thompson sampling (DTS), to address the
formulated optimization task. Numerical results show that our
proposed method yields spectrum access opportunities almost
as many as the best fixed decision in hindsight. The latter is
impossible to implement since it needs a prophet. Moreover,
our proposed algorithm can track the changes of the idle
probability of spectrum more quickly than other methods as
discussed in [8]-[11].

The rest of this letter is organized as follows. In Section II,
problem formulation is demonstrated. We give the DTS-based
spectrum sensing approach in details in Section III. Section IV
presents simulation results and discussions. Conclusions are
given in Section V.

II. PROBLEM FORMULATION

Consider spectrum sensing order, also referred to as chan-
nels selection across multiple SPs. In practical commercial
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Fig. 1. An illustration of the channels of 3 SPs spanning in frequency and
time slots.

mobile communication systems, different mobile SPs are
assigned different frequency bands for data transmission by
radio regulatory agencies. Specifically, during the same time
period, the number of active users served by each SP is
different in the same region, so the probability of the licensed
channels being idle is different for each SP. Moreover, the
idle probability of the channels licensed to each SP will vary
after a period of time due to the mobility of users. The key
challenge for the SU equipped with limited sensing capability
is to decide which portion of the spectrum should be sensed
to produce more channels free of primary user activities to
transmit data by the SU.

Consider that there are N = 3 SPs and the spectrum
licensed to SP i consists of C' non-overlapping channels. Due
to the limited spectrum sensing capability of hardware, an SU
cannot sense a large range of spectrum. Specifically, at given
time slot ¢, the SU can only keep sensing the channels licensed
to one SP which fall into the same frequency band range.
We investigate the total data throughput of the SU who utilizes
the idle channels by spectrum sensing in 7' time slots. The
probability of spectrum being idle for SP ¢ at time slot ¢ is
denoted by P;, where ¢ € {I, II, III}. In practical scenarios,
each channel of an SP could have own probability of being
idle. Assume that the reward of each channel c of SP 7 obtained
at time slot ¢, which is denoted as H; ., is Bernoulli with
probability P;, which can be written as H; . ~ Bernoulli(P;)
for ¢ € {1,2,...,C}. If channel c is available for the SU,
the reward of channel ¢ equals 1; otherwise, it equals 0. The
system model is shown in Fig. 1. Recall that P; cannot be
known in advance and would change at temporal scale so
that it makes no sense to estimate P; by observing it for a
long time. It is necessary to fulfill spectrum sensing task in an
online manner and develop efficient algorithm to keep track
of the changes of P; quickly.

At time slot t € {1,2,...,T}, an SU chooses SP i € {I, II,
IIT} and senses over the corresponding spectrum. The number
of licensed channels being idle obtained by the SU is denoted
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as R (t) at time slot ¢ where i(t) is the index of the SP
chosen at time slot ¢. According to the definition of H; .,
we have R;)(t) = Zle Hj(4,e» which is binomial(C, F;).
The SU should dynamically choose the SPs so as to maximize
the expected number of idle channels obtained during 7" time
slots. Therefore, our optimization problem can be formulated
as follows:

max
i(t)el], I,

} E[) " Rig(t)]. (1)

The optimization task illustrated in (1) requires that the
SU should select a sequence of SPs in advance so as to
obtain maximum cumulative number of idle channels. The
number of idle channels obtained at each time slot is related to
the unknown time-varying probability of spectrum being idle,
which should be learned in an online manner. The optimization
problem defined by (1) can be considered as a multi-armed
bandit (MAB) problem [12], [13], where the SP to be selected
can be regarded as an arm in the MAB problem. The number
of idle channels obtained of selecting SP 7 at time slot ¢
follows a certain distribution with unknown parameter F;. The
objective is to choose the optimal SP (pull the optimal arm)
to sense over its assigned spectrum at time slot ¢ to maximize
the expected number of idle channels (reward in the MAB
problem) so that the SU has more opportunities to transmit
data during T time slots.

III. DISCOUNTED THOMPSON SAMPLING ALGORITHM

In the MAB problem, the decision maker needs to select
one of the optional arms to pull at each time slot to maximize
the expected value of reward. Thompson sampling (TS) is an
efficient algorithm to deal with the MAB problem. The TS
has access to the history of pulled arms and the reward in
the previous time slots and employs this history to select the
promising arm at current time slot [14], [15]. Comprehensive
theoretical analysis of regret upper bound and performance
guarantee of TS can be found in [16]. Since the general TS
cannot address our optimization problem with non-stationary
arms directly, we introduce a discounted Thompson sampling
method.

Binary reward of O or 1 is defined for each arm in the
classical MAB problem while the reward in our case, i.e.,
the number of idle channels obtained from SP ¢ at time slot
t, is an integer distributed in a bounded interval randomly.
We can scale the reward and do a Bernoulli trial with success
probability of the scaled reward [14], where r; is a binary
variable of the observed output of Bernoulli trial. However,
we cannot know the corresponding parameter of Bernoulli
distribution related to F;. Let n; represent the total time slots
that SP ¢ has been selected by now. S; denotes the total time
slots of r; = 1 and F; is the total time slots of r; = 0. That
is, S; + F; = n;. Let H; represent a vector consisting of all
r;’s observed so far when SP i is selected. The parametric
likelihood function of H; is given by

pi(Hi|P) = P7(1 - P)F", (2)

which corresponds to Binomial distribution. Assume that the
prior probability of P; obeys Beta distribution, the posterior
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TABLE I
DISCOUNTED THOMPSON SAMPLING ALGORITHM

Algorithm 1 Discounted Thompson sampling algorithm
Parameters: € (0,1]
1: for each provider ¢ € {I,II, II1}, Initialize: ; = B; =1, S; = F; = 0;
2: fort=1,2,...,T do
for i e {I,1I,1II} do
4 Update S; = vS;, F; = vF;.
5 Draw 0;(t) ~ Beta(S; + a;, F; + 3;).
6: end for
7:
8
9

(95]

Choose provider ¢ = argmax; 6; and observe the reward
Do Bernoulli trial and observe the output 7;

: if r; =1 then
10: Si=8;+1;
11: else
12: F,L = Fl +1;
13: end if
14: end for

probability of P;, denoted as p;(P;|H;), can be updated with
p;(H;|P;), which is deduced in the appendix.

The SU selects an SP and performs spectrum sensing on the
corresponding channels at each time slot using Algorithm 1,
where the hyperparameter v controls the confidence level of
Si (or F;) of each SP, to avoid being trapped into always
selecting an SP if .S; of the SP is too large. Compared with
the Dynamic TS proposed in [11], our DTS method updates
S; (or F;) of all SPs at each time slot, while the Dynamic TS
only updates the parameters of the selected SP. In addition, our
method applies the discount factor during all time slots, while
the Dynamic TS uses it only if the condition S; + F; > J is
satisfied for the selected SP, where J is a threshold deciding
whether to introduce a discount factor or not.

IV. SIMULATION RESULTS

Consider 3 SPs licensed different radio spectrum which
consists of C' = 20 channels. P; of each SP i follows standard
uniform distribution, that is, P; is sampled from uniform
distribution bounded in (0,1). Each channel of SP i yields
reward according to Bernoulli distribution with parameter F;.
To show the performance gain of our proposed algorithm,
we compare our DTS algorithm with other representative
ones: discounted e-greedy, discounted upper confidence bound
(Discounted UCB) [9] and dynamic TS [11]. For the UCB
algorithm, the SU chooses each SP once at first. Then at
any time slot ¢ > 3, the SU selects the SP that maximizes
the defined upper confidence index which is expressed as
a simple function of the empirical distribution of reward.
For the e-greedy algorithm, the SU chooses an SP randomly
with probability ¢, or chooses the SP that maximizes the
average reward with probability 1 — e. For our considered
scenarios, € = 0.1. Compared with standard UCB and e-greedy
algorithms, their discounted versions (Discounted UCB and
Discounted e-greedy) introduce a discount factor to average
past rewards in order to reduce the effect of the past observa-
tions. For the Discounted e-greedy algorithm, we employ the
same discounting method to handle the average reward as the
Discounted UCB [9].
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Fig. 2. Normalized regret as a function of the number of time slots for

different settings of P;.

Figure 2 illustrates the normalized regret as a function of
time slots for different settings of P;. P; remain unchanged
in T" = 500 time slots and the hyperparameter v equals 1.
The normalized regret is the ratio of the cumulative reward
difference between the oracle decision in hindsight and the
mentioned algorithms over the cumulative reward of the oracle
decision. All results are averaged by 100 Monte Carlo simula-
tions. In setting 1, 2, 3, the prior P; of each SP ¢ € {I, II, III}
is {0.10,0.28,0.37},{0.27,0.24,0.20} and {0.10,0.80,0.25},
respectively. Always choosing the SP with the largest P; for
spectrum sensing all through 500 time slots is the oracle
decision if the SU know P; in advance, which always yields
regret of 0. It can be seen from Fig. 2 that the normalized regret
of DTS can reach a small value for all three different settings
of P;, indicating that the total number of available channels
obtained by DTS is only slightly less than that of the oracle
decision even if the difference in P; among three SPs is small.
Recall that the DTS dose not require the prior information of
P;, facilitating its applications in practical dynamic spectrum
systems.

Figure 3 shows the normalized throughput as a function of
time slots with fixed P; for setting 1, where the normalized
throughput is defined as the ratio of the total number of idle
channels obtained by the mentioned algorithms to that of the
oracle decision in hindsight, that is, the SU could always select
SP IIT and the normalized throughput of the oracle decision
in hindsight is always 1. In Fig. 3, we can find that the total
number of idle channels produced by the four algorithms is
close to the oracle decision in hindsight provided that time
slots are large enough. Compared with the Discounted UCB
and the Discounted e-greedy methods, the DTS algorithm
yields higher throughput since it can tend to select the SP with
the largest P; quickly, bringing the SU more opportunities to
get idle channels for data transmission.

Considering the time-varying P; of SP 7, we investigate the
total number of idle channels as a function of time slots when
P; changes every 1000 time slots. The hyperparameter + is set
to 0.99 based on a series of numerical experiments. The prior
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TABLE 11
TIME-VARYING P;

k
1 2 3 4 5 6 7 8 9 10

P

P | 023|027 |0.12 ] 0.03 | 003 | 022 | 0.10 | 0.39 | 0.18 | 0.34
P | 0.05 | 0.07 | 0.05 | 0.36 | 0.36 | 0.30 | 0.36 | 0.22 | 0.07 | 0.31
P | 0.07 | 0.08 | 0.36 | 0.35 | 0.03 | 0.32 | 0.24 | 0.15 | 0.30 | 0.34
; x10*
06
[0}
c
g
5 5]
K}
Qo
D4t
©
>
[
“6 3,
@
Ko}
1S
221
©
°
=1+ i

0 --nn«mﬁﬁ{"{ﬁm’” I L .

0 2000 4000 6000 8000 10000

Time slots

Fig. 4. Total number of obtained idle channels as a function of the number
of time slots with time-varying P;.

P; is shown in Table II, where k represents the kth change of
P;. As can be seen in Fig. 4, the gap between the DTS and
any scheme of always choosing a given SP becomes larger
and larger as the increasing of time slots. The total number of
idle channels obtained by our proposed DTS algorithm is at
least 52% more than others, indicating that the DTS algorithm
can track the changes of P; fairly quickly.
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Figure 5 shows the normalized throughput as a function of
time slots with time-varying P;, which further indicates that
our proposed DTS can track the changes of F;. Moreover,
the total number of idle channels produced by the DTS is
closer to that of the oracle decision in hindsight compared
with others. The reason is that the proposed DTS can find the
SP with the largest P; faster than the Discounted UCB, the
Discounted e-greedy and the Dynamic TS without knowing
the prior knowledge about F;.

Figure 6 shows the normalized regret as a function of time
slots with time-varying P;. The normalized regret demon-
strates the performance gap between the oracle decision in
hindsight and the mentioned four algorithms, and can be
regarded as the tracking error of different algorithms. In Fig. 6,
it can be seen that the normalized regret of the four algorithms
reach a small and almost constant value provided that the time
slots are large enough even though P; changes at temporal
scale. Compared with the Discounted UCB, the Discounted
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e-greedy and the Dynamic TS, our proposed DTS algorithm
produces a lower and stabler average regret.

V. CONCLUSION

We investigated the channels selection problem across mul-
tiple commercial mobile communication service providers
without prior knowledge about the probability of chan-
nels being idle. The optimization task is formulated as an
online learning problem and we developed an efficient dis-
counted Thompson sampling algorithm to solve it. Numerical
results show that our proposed method can generate spectrum
access opportunities almost as many as the oracle decision
in hindsight. The idle channels obtained by our proposed
method are much more than the discounted upper confidence
bound, the discounted e-greedy and the dynamic Thompson
sampling methods. Moreover, our proposed algorithm can
adapt to the changes of the probability of channels being
idle.

APPENDIX

Since Beta distribution is conjugate prior of Binomial dis-
tribution and P; obeys a prior Beta distribution, the posterior
probability of P; can be written as follows based on Bayes
rule [17]:

T i ) )
i\ L7 [ 414 pi(Hi) ,
where

F(Oéi):/o x% e dr, 4)

and «o; and f3; are two parameters which determines the mean
and variance of Beta distribution. Since no prior knowledge
about P; is available at the beginning, we initialize a;; = (3; =
1 and Beta(1,1) is actually uniform distribution. Substituting
(2) in (3), p;(P;|H;) can be rewritten as

(o +55)

i(Pi|H, pteit(_p) b=l (s
e AT A ©
Let M =T'(ay + 3;)/[T'(es)T'(B:)pi (H;)], we have

pi(BH;) = MPZ (1= p)Rtit (o)

Notice  that [ p;(P;|H;)dP; = 1 and
S 1 — x)f de = T'(a;)I'(B:) /T (a; + Bi), we have
(P — F(ai+5i + ni) Si+a;—1 N\ +Bi—1
P o esor sy TR

)
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which also corresponds to Beta distribution with parameters
of S; + «; and F; + [3;. Then the posterior probability of P,
can be updated as follows:

pi(Pi|Hi) = Beta(Si + «;, F; + 51) (8)
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