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Abstract—Integrated sensing and communication (ISAC), as an
important usage scenario of 6G, is capable of seamlessly integrat-
ing wireless sensing and communication for their mutual benefit.
Taking full advantage of ISAC heavily relies on effectively solving
resource allocation problems, which, however, are generally
high-dimensional and non-convex, resulting in the optimization-
based algorithms exhibiting high computation complexity and
the traditional learning-based algorithms returning infeasible
solutions. In this paper, we consider an ISAC scenario featured
by multiple communication users and multiple sensing targets,
aiming to develop an efficient and scalable algorithm that opti-
mizes the radar transmit beampattern under the communication
performance constraint. To this end, we propose a graph neural
network (GNN) with implicit projection framework, where GNN
captures the intricate interactions between communication users
and sensing targets and meanwhile enables the joint optimization
of communication and sensing beamforming matrices, and the
projection module is applied to ensure the feasibility of the
beamforming matrices design. Via capturing the permutation
equivalence for communication matrices and the permutation
invariance for the sensing matrix, the scalability of the proposed
algorithm is guaranteed. Simulation results show that the pro-
posed algorithm significantly reduces the computation complexity
compared to the baselines, and achieves excellent algorithmic
scalability and constraint satisfaction.

Index Terms—Integrated sensing and communication, graph
neural network, implicit projection.

I. INTRODUCTION

Recognized by International Telecommunication Union
(ITU) as an important usage scenario of 6G, integrated sensing
and communication (ISAC) aims to achieve seamless integra-
tion of wireless sensing and communication functions while
pursuing mutual gains in their performance. Compared to
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the separate design of communication and sensing processes,
ISAC has the advantages of achieving higher spectrum, power,
and hardware utilization via jointly optimizing the communi-
cation and sensing waveforms and resources [1f]. With these
advantages, ISAC has a wide range of applications in the
fields of autonomous driving, smart city, remote sensing, and
environmental monitoring [2], [3]].

Waveform design is an essential aspect for unleashing the
full potential of ISAC, which can be divided into sensing-
centric design (SCD), communication-centric design (CCD),
and joint design (JD) [1]], [4]. SCD aims at integrating com-
munication functions into existing sensing waveforms, where
the radar signal remains unchanged and the primary focus is
on the sensing function. For example, the authors in [5]], [6]]
propose to embed the communication signals into the chirp
signals to generate the ISAC waveform, while the authors in
[7] implement the communication functionality by shuffling
the waveforms across multiple transmit antennas. Different
from SCD, CCD achieves the sensing function through the
existing communication waveforms while prioritizing the com-
munication performance. For instance, the authors in [8], [9]]
employ orthogonal frequency division multiplexing (OFDM)
waveforms for radar sensing, aiming to optimally implement
the radar sensing function while minimizing its impact on
communication performance. Moreover, the authors in [10]-
[13] use the JD approach to balance the performance tradeoff
between sensing and communication. As the resource alloca-
tion problem for ISAC is generally high-dimensional and non-
convex, the traditional optimization-based methods typically
require high computation complexity without being able to
obtain optimal solutions.

Machine learning (ML) has the potential to achieve low-
complexity resource allocation after being well-trained, given
its unique feature of achieving nonlinear mapping [[14f-[16],
making it suitable for efficiently solving high-dimensional
non-convex optimization problems [17]—[20]. As a result, the
paradigm of learning-to-optimize has been increasingly ex-
plored in ISAC. In particular, the authors in [21] develop a long
short-term memory (LSTM) network for predictive beamform-
ing in ISAC-based vehicle-to-infrastructure (V2I) networks.
This method does not require an explicit channel tracking pro-
cess and significantly reduces the signaling overhead. While in
[22], the authors propose an end-to-end approach that directly
maps the pilot signals to the beamforming matrices to perform
ISAC. In addition, the authors in [23] propose unsupervised
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learning methods for interference management, while avoiding
high computation complexity incurred by optimization-based
methods.

Although promising, the ML-based algorithm still en-
counters the following challenges. First, conventional fully-
connected neural networks (FCNNs) are unable to effectively
utilize the spatial interaction between sensing and communica-
tion devices in ISAC systems. Fortunately, such spatial inter-
action can be captured and leveraged by graph neural network
(GNN) to enhance the performance of ISAC. Additionally,
GNN possesses unique features of permutation invariance and
permutation equivalence [24]-[26]], which set it apart from
FCNNs and enable excellent algorithmic scalability. In par-
ticular, the authors in [26] consider a communication system
involving intelligent reflective surface (IRS) and develop a
GNN containing user nodes and IRS nodes to learn mapping
from the received pilots to an optimized system configuration.
Nevertheless, the GNN in [26]] cannot be directly applied to
ISAC scenarios due to the absence of sensing node design
as well as complex communication or sensing constraints..
Second, the solutions returned by conventional data-driven
learning algorithms are not guaranteed to satisfy the stringent
non-convex constraints. Although normalization and Newton’s
method can be applied to tackle simple constraints (e.g.,
the maximum transmit power constraint), the constraints of
resource allocation problems in ISAC scenarios are often as-
sociated with sensing and/or communication performance and
take on a nonlinear and non-convex form of high complexity.
Under this circumstance, the penalty-based approach widely
used in the learning algorithm, which converts constraints
into penalty terms in the loss function, has a high probability
of producing infeasible solutions for stringent performance
constraints, owing to the lack of strict constraint enforcement.
Designing an effective learning framework that comprehen-
sively tackles the aforementioned challenges while considering
the unique features of ISAC is crucial but has not been
investigated yet, and this serves as the primary motivation
behind our work.

In this paper, we consider an ISAC system, where the
base station (BS) simultaneously performs sensing of mul-
tiple targets and communicates with multiple communication
users. Our objective is to develop an efficient and scalable
algorithm that optimizes the radar transmit beampattern under
the constraint of communication performance. To achieve this
objective, we propose a novel GNN with implicit projec-
tion (GNN-IP) algorithm to achieve scalable and feasible
beamforming design. To summarize, this paper presents the
following contributions:

1) For an ISAC model involving multiple communication
users and sensing targets, we design a GNN module to
construct a mapping from the communication and sensing
channel state information (CSI) to the transmit beamforming
matrices. Our proposed GNN architecture captures the intri-
cate interactions between communication users and sensing
targets, enabling the joint optimization of communication and
sensing transmit waveforms. Meanwhile, the GNN’s permuta-
tion equivalence for communication matrices and permutation
invariance for the sensing matrix ensure its scalability with

respect to the number of communication users.

2) To ensure the feasibility of the beamforming matrices
design, we introduce a differentiable projection module. When
the solution returned by the GNN module does not satisfy the
constraints, the proposed projection module projects the output
of the GNN to the feasible set defined by the communication
performance and transmit power constraints. Therefore, the
proposed GNN-IP algorithm is capable of ensuring the fea-
sibility of stringent communication performance constraints,
while achieving excellent sensing performance.

3) The simulation results show that the proposed GNN-
IP algorithm exhibits significantly reduced computation com-
plexity compared to the conventional optimization-based algo-
rithms, while still approaching similar sensing mean-squared
error (MSE) performance. Additionally, our proposed algo-
rithm demonstrates substantial enhancements in both sensing
performance and constraint satisfaction when compared to the
conventional FCNNs.

The rest of the paper is organized as follows. In Section
II, we present the system model and problem formulation
of ISAC systems under consideration. Section III describes
the proposed GNN-IP architecture. Section IV presents the
simulation results. Finally, Section V concludes this paper.

Notations: In this paper, (-)T and ()" denote transpose and
Hermitian, respectively. Vectors are represented by bold lower
class letters, and matrices are represented by bold upper class
letters. We denote 0™ *™ as the m X n zero matrix. E denotes
the stochastic expectation. Tr(-) and rank(-) denote the trace
and rank for the matrix, respectively.

II. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we present the system model of ISAC,
including the sensing and communication models, and con-
struct a resource allocation problem for minimizing the sensing
MSE.

A. System Model

Consider an ISAC system, where a BS equipped with a
uniform linear array (ULA) consisting of M half-wavelength
spaced antennas simultaneously communicates with L down-
link users (I < M) indexed by £ = {1,...,L} and
meanwhile detects K radar targets (K < M) indexed by
K={1,...,K}, as shown in Fig.

We denote the L parallel data streams from the BS to
the users as d = [dl,dQ,...,dL]T and the corresponding
communication beamforming matrix at the BS as C =
[c1,¢a,...,cr] € CMXL Meanwhile, to maximize the de-
grees of freedom (DoF) of the sensing waveform, we denote
the individual sensing symbols and the corresponding sensing
beamforming matrix as w = [wy, wa, - ,wM]T and S =
(81,82, ,8p] € CM*M respectively. Hence, the transmit
signal for joint sensing and communication at the BS can be
expressed as

z=Cd+ Sw. (1)
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Fig. 1. An illustration of ISAC system with K radar targets and L
communication users.

Without loss of generality, we assume that the data streams
of different users are independent of each other and indepen-
dent from the radar symbols as in [27]-[29], i.e.,

E (dw") = 0"*M, 2)

and the communication and sensing symbols have unit power,
i.e.,

E (dd") =E (ww") = 1I. 3)

Given the maximum transmit power budget P, at the BS, we
have

E (||z[?) = Tt (R) = Tr (CC" + 8S™) < P, (4)

where R = CC" + SS" is the covariance matrix of the
transmit signal.

In the following, we shall elaborate the radar sensing model
and communication model.

1) Radar Sensing Model: We consider a radar probing
scenario [30]-[33|] where the main objective is to direct the
transmit beam toward specific given directions to obtain more
information about the illuminated target. These directions are
typically known to the transmitter. For instance, the beam
direction is given by the center of the angular sector of interest
in searching mode and determined by the observed directions
of previous targets in tracking mode.

Following [34]], [35]], we consider that both the communi-
cation and sensing signals are utilized in target sensing. The
signal at angular position 6 can be expressed as

2(0) = a"(h)x, %)

where a(f) is the array response vector. By denoting A
as the normalized antenna interval, a(f) can be written as
a(f) = [1,..., e 2r(M=DAsn0IT = We aim to maximize
the energy of sensing signal towards the designated direction
via aligning the transmitted signal with the desired beampat-
tern. Specifically, the beampattern at a given angular position
f can be represented as

P(0; R) = E(|z(0)*) = a" () Ra(0). (6)

As in [32], [33]], we evaluate the sensing performance
by measuring the MSE between the desired and obtained
beampatterns, which can be expressed as

N
LR) = Y1600, ~ PO R, ()
n=1

where b(0) is the desired beampattern for angle 6, (3 is the
power normalization parameter, {f,,}2_, denote the fine grid
of points that cover the entire location sector of the sensing
targets, and N is the total number of sample grids.

2) Communication Model: We assume that the channel
state information between the BS and the communication user
is available and can be obtained by various state-of-the-art
channel estimation algorithms. By denoting the channel vector
from the BS to user [ as h;, the received signal at user [ is

r = h}{m—&—m

. - .- )
=h; | aqd + Z dej + Z S$iWm | + Ny,
J=15#l i=1
where n; is the additive white Gaussian noise (AWGN)
with zero mean and variance ¢2. In particular, ¢;d; is the
intended signal received by the [-th user, Zle’ 1 C5d;j 18 the
interference from multi-user communication, and » ,_; s;wp,
is the interference caused by sensing signals. Therefore, the
signal-to-interference-plus-noise ratio (SINR) of the [-th user,

denoted as I';, can be expressed as

i e
U — 2 M 2
D =141 |hife;|” + 202, [hitsi|” + o2
_ thClC}{hl (9)
hi! (25:1,]‘751 cjcil + SSH) h; + o2

h}{Clhl
th (R—-C)) h; + 0?2’
where C; = clc}{.
To ensure the communication performance for each user, a

minimum SINR threshold, denoted as I', for each communi-
cation user should be satisfied, i.e.,

Iy >To,Viel.

(10)

B. Problem Formulation

We aim to develop a computation-efficient algorithm that
minimizes L(R) while ensuring the communication SINR for
each user. The designed transmit waveform should maximize
the main lobes energy towards the sensing targets as well as the
communication users, while suppressing the side lobes energy.
The joint optimization problem can be formulated as

s 1 (e
L

subject to R =Y _ C + SS" = 0, (11b)
=1

Tr(R) = P, (11c)

rank(Cy) =1,VIle L, (11d)

I, >To,VieL, (11e)

Authorized licensed use limited to: Nanjing University. Downloaded on April 02,2025 at 11:05:55 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Wireless Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TWC.2025.3550315

Projection module _
{C, 5} =Proj({C, $})

No

Yes G

onstraints satisfied?

Qv
" 92
G
fl
E2
o &
2= A 3
Channel
coefficients
Array
response
vectors

Initialization layer

{¢,s3

GNN module

T updating layers Normalization layer

QNS
£

Updating layer of user node

Updating layer of radar node AR

fc(T+1)

Fig. 2. Workflow of the proposed GNN-IP algorithm.

where represents the transmit power constraint and
represents the communication SINR constraint. Note that we
employ an equational power constraint in constraint to
ensure that the maximum transmit power of the BS is utilized
to maximize the radar performance [36]]. Problem (TI) is a
high-dimensional non-convex optimization problem. Although
conventional optimization-based methods (e.g., semidefinite
relaxation (SDR) [37], [38]]) can be utilized to solve problem
(1), they usually encounter the issue of excessively high
computation complexity, particularly when the numbers of
sample angle grids and communication users are large, thereby
lacking of algorithmic scalability.

In contrast to the optimization-based algorithms, data-driven
learning algorithms can be utilized to obtain the desired beam-
forming matrix through direct mapping, which significantly
reduces the computation complexity. However, the learning
algorithm frequently encounters the critical challenge of re-
turning infeasible solutions, especially for the communication
SINR constraint (ITe)). Therefore, it is imperative to develop
an efficient algorithm that exhibits minimal computation com-
plexity while achieving excellent algorithmic performance in
terms of scalability and constraint satisfaction. To this end,
we propose a GNN-IP algorithm, where the GNN module is
utilized to ensure the algorithmic scalability, and a projection
module is employed to map the GNN module’s output onto
the feasible domain, ensuring the feasibility of the resulting
beamforming matrices.

III. GNN-IP FRAMEWORK

In this section, we develop a novel GNN-IP framework to
maximize the sensing performance under stringent communi-
cation performance constraint. The GNN structure, loss func-
tion design, projection process, and computation complexity
are elaborated in the following.

Our key idea is to learn a direct mapping from CSI and
array responses to desired beamforming design, taking into
account the computational efficiency and the robustness of the
data-driven model training. Specifically, the general form of
the mapping can be expressed as

{C,8} = M({hi,a(")}), (12)

where M(-) denotes the mapping function and #* is the
angular position for the k-th sensing target. Therefore, solving
problem (TI) is equivalent to acquiring the optimal mapping
function M(+). In this paper, we approximate M(-) with the
GNN-IP framework, which includes a GNN module and an
implicit projection module. Since the BS knows the topology
of the ISAC system, we model a graph that integrates the
connectivity between BS and communication users as well as
sensing targets, and construct the GNN module accordingly
[39]-[41]]. Specifically, the graph consists of L 4+ 1 nodes and
%ﬂ) edges, where the nodes includes L user nodes, each
associated with a communication vector, and one radar node
associated with a combined sensing matrix. Moreover, the
edges between the user nodes contain information about the
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(a) User node

Fig. 3. Initialization layer for the user nodes and the radar node.

interference interaction among the communication users. The
edges between the radar node and the user nodes contain two
types of information. The first comprises the interference of
the sensing beamforming matrix design S for communication.
The second comprises the involvement of the communication
beamforming matrices C' for sensing. We design a unified
sensing matrix instead of K individual sensing vectors due
to the following two reasons. First, for power maximization
towards these sensing targets, we do not need to capture
the interaction among these targets, such as interference and
cross-correlation. Second, the dimension of the sensing matrix
S does not align with the number of sensing targets K.
On the other hand, the proposed projection module employs
an optimization algorithm to minimize the distance between
the infeasible results generated by the GNN module and the
feasible domain, ensuring the stringent constraint of problem
(TT). In summary, the proposed GNN-IP framework initially
inputs the CSI and array responses into the GNN module,
subsequently evaluating the feasibility of the GNN module
output. If the output is infeasible, the projection module then
maps it into the feasible domain. The overall workflow of the
proposed GNN-IP framework is illustrated in Fig.

A. GNN Module

The GNN module of the proposed framework consists of
an initialization layer, 7" updating layers, and a normalization
layer. Specifically, in the initialization layer, the communica-
tion channel and sensing array responses are converted into
representation vectors of user nodes {zl(l)}le ¢ and radar node

Z(Ll+)1’ which are then updated via the message-passing mech-

anism through 7" updating layers, referred to as {zl(TH)}le c
and z(Lq:gl), respectively. Finally, the normalization layer maps
the representation vectors to the beamforming matrices C' and
S.

1) Initialization Layer: As shown in Fig. |3| the initializa-

tion layer separately converts the CSI of the communication

(0)

(b) Radar node

users and the array responses of the sensing targets into
representation vectors, facilitating message passing for the
subsequent updating layers. Note that in the proposed ISAC
system, it is essential that the sequence of communication
beamforming designs must align with the order of commu-
nication users, while the sensing beamforming design should
remains unchanged. These properties are referred to as permu-
tation equivalence for user nodes and permutation invariance
for the radar node. To realize the above two permutation
properties, we separately initialize the representation vectors
as follows. Specifically, the output representation vector of the
[-th user node zl(l) can be represented as

A = 1010 (R S tpT)

T

2 S0 (I(Rfa@) " (3taeh))) ).
k=1
13)

where fc(,,?)(-), C(O)(-) and f§0)(~) denote the FCNN-based
encoders with different sizes. Note that we consider the
decomposition of the real and imaginary parts to circumvent
the poor support of existing deep learning toolkits for complex
numbers. Besides, as the communication beamforming matri-
ces also participate in sensing, we incorporate the local CSI
and all array responses into the initialization of representation
vectors of each user node, which preserves the permutation
equivalence as well.
On the other hand, we adopt a FCNN-based encoder
g? )() to initialize the representation vector of the radar
node. Considering the sensing beamforming matrix as inter-
ference in communication SINR calculations, the generation
for representation vector of the radar node should account for
the communication CSI. Therefore, the output representation
vector of the radar node can be expressed as
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Fig. 4. Aggregation and combining operations of the t-th layer for the user nodes and the radar node.
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Through the average operation, we can ensure that all the
communication and sensing information are passed to the
radar node, thereby ensuring the permutation invariance. In
and (T4), we use the same encoders fc(o) and fs(o),
thereby reducing the training complexity and ensuring the
permutation properties. Besides, different encoders fc(,,? ) and
fig ) are adopted to ensure different encoding for the user and
radar nodes.

2) Updating Layers: Each updating layer consists of L 41
nodes, each of which aggregates the representation vectors
from neighboring nodes and then combines them with its
own representation vector. Specifically, following the design in
[40], [42]-[44]], a general form of update for the representation
vector at node ¢ in the ¢-th updating layer can be represented

as

(t+1) (t) (t)

s (0 Y sew);
where N (7) denotes the collection of neighboring nodes of
node 4, and fggmb(-) and fétg)g(-) denote the combining
function and the aggregation function, respectively. Note that
the permutation properties of the user nodes and the radar node
are distinct. Consequently, the aggregation and combining
operations for the user nodes and the radar node need to be
designed independently.

As shown in Fig. each user node [ € £ aggregates the
information from all other user nodes and then combines the
representation vectors of local node and the radar node with
the aggregated representation vectors. Specifically, the update
equation for the I-th user node can be expressed as

(t+1) (t) ) (), _(t) (t+1)
Combl(zl o (2 L+1) )

= fCon (! 5)

Agel (16)

where
(t+1)

Zpgel = 1 ({f ( )}jez:\{z}) ,

fl(t)(~) and fQ(t)(~) are FCNN-based encoders with different
sizes. fggme(') denotes the combining function and is pa-
rameterized by a FCNN based encoder. In particular, due to
the lack of theoretical guidance, we set ¢ (-) as the element-
wise max-pooling function, which empirically performs well,
as in [26]], [39]], [40]. Furthermore, this choice preserves the
permutation equivalence.

On the other hand, as shown in Fig. recall that in
the sensing performance is jointly determined by the sensing
and communication matrices, the radar node aggregates the
information from all the user nodes and then combines the
representation vector of local node with the aggregated rep-
resentation vectors. In particular, the update equation for the
radar node is represented by

A7)

t4+1 (t 1
Z:(L+1) = Comb2(f2 )(ZL—i-l) zf&gg 31—}-1) (18)
h
e (t+1) )t
gt = Yo (A7 (=M e (19)

ggmb 5(+) denotes the combining function and is parameter-

ized by a FCNN based encoder. Besides, we adopt the element-
wise mean function as ¥y(-) to facilitate the integration of
CSI from all users and guarantee the permutation invariance.
After multiple updates, each node has access to sufficient
information to coordinate between the user and radar nodes.

3) Normalization Layer: The normalization layer maps the
up-to-date representation vectors to normalized beamforming
matrices C' and S. For the representation vector zl(T+1) of
the [-th user node, we first encode it through a FCNN-based
encoder f" +1)( -) with the output dimension of 2M, which
can be expressed as

(T+2) f(T-i-l)( (T+1)) c R21L17VZ cr.

(20)
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Then, we obtain the communication matrix as Cc =
[€1,...,C€L), where ¢ = zl(T”)(l : M) +jzl(T+2)(M +1:
2M),vl € L, with zl(TH) (i : j) being the subvector of zl(T”)
and consisting of elements 7 to j of zl(T+2). Similarly, for the

representation vector of radar node z(LT:;l), we employ the

FCNN-based encoder fS(TH)(') with the output dimension of
2M?, and subsequently reshape it to dimension of 2M x M,
i.e.,

Z,=TR <f£T+1)(Z(L?er;1))> € R2MXM @1
where R(-) denote the reshape function. Then, we obtain the
sensing matrix as follows

§=2Z.(1: M) +jZ(M+1:2M5), (22

where Z,(i : j,:) denotes the submatrix of Z; and consists
of rows 7 to j of Z,. It is evident that the network output
matrix inherently satisfies constraints and (TId), i.e.,
the positive definite and rank one conditions. Note that the
randomness of neural networks may result in the violation of
the transmit power constraint (I1c). We propose to apply the
normalization operation over the output communication matrix
C and sensing matrix S to address this issue:

VP o
Tr(CCH + SSH)
Vo x
= e
Tr(CCH + SSH)
Note that the normalization operation is a one-to-one mapping
from the representation vectors to the beamforming matrices,

thus ensuring the permutation properties of the GNN module
and the satisfaction of constraint (TIc).

C:

)

(23)

B. Loss Function Construction

With the aforementioned design, we can transform problem
(TT) into an unconstrained Lagrangian problem

L
. minimize L(R) + )\Z (To — Ty), (24)
1=1

1,-,Cr,S}

where C; = ¢ and R = Zlel C, + SSH and A\
is the Lagrangian dual variable. Inspired by the objective
plus penalty structure in ([24), we propose to design the loss
function as follows

L
loss = L(R) +MZ’C (To —Ty),
——

= (25)

ty

to

where K(-) denotes the barrier function and p is a hyper-
parameter associated with constraint (T1c). In this paper, we
adopt the ReLU function as the barrier function due to its low
computation complexity and ease of optimization. The barrier
function enables the loss function to prioritize sensing perfor-
mance while incorporating communication SINR constraint.
The proposed GNN module has the following advantages.
First, our proposed GNN module is capable of preserving

permutation invariance and permutation equivalence of prob-
lem (TI). The GNN module consistently generates the same
permutation order for communication beamforming vectors c;
and the invariant sensing beamforming matrix S when the
communication users in the system are permuted. Specifically,
permutation equivalence means that when we arrange the com-
munication users in the system, the GNN module produces the
communication beam forming vectors ¢; with the same order
of arrangement, whereas permutation invariance means that
the arrangement of the communication users does not change
the sensing beam forming matrix S as well as the covariance
matrix R = Zle C;+ SSH. The permutation properties can
improve the scalability of the learning framework. Second,
compared to the conventional FCNNs, the GNN module
leverages the network topology to capture the interaction
between communication users and sensing targets. This not
only helps mitigate co-channel interference for communication
users, but also significantly enhances the sensing performance.
Third, the user nodes of the proposed GNN module share
the same design of encoder and decoder. This design allows
us to directly and easily copy or delete user nodes without
retraining when the number of communication users changes,
which reduces the computation time and enhances the scal-
ability of the algorithm. Additionally, benefiting from data-
driven training and sufficient exploration over the graph for
the considered ISAC system, the learned GNN module can
capture the general representation of the ISAC system with
respect to channel state information and array responses, and
is robust to the randomness of fading channel and location
changes of sensing targets, thereby reducing the number of
retraining. In summary, the proposed GNN module exhibits
the characteristics of low complexity, high training efficiency,
and high algorithmic scalability.

The proposed GNN module effectively reduces computation
complexity while enhancing the sensing performance and
mitigating the communication constraints violation. Neverthe-
less, the stringent transmit power and communication SINR
constraints may not always be satisfied. To ensure robustness,
we propose a projection module to post-process the output of
the GNN module in the following subsection.

C. Implicit Projection Module

After the pre-processing via the GNN module, we post-
process the outputs of the GNN module that violate constraint
(11c) by developing an implicit projection module. By denot-
ing the projection function as Proj(-), the desired communica-
tion beamforming and sensing beamforming matrices can be
expressed as

{C, 8} =Proj ({C, S}). (26)
As illustrated in Fig. 5] we adopt the implicit projection
method to project beamforming matrices {C, S} generated

by the GNN module into the feasible domain [45], [46].
Specifically, we formulate the following projection optimiza-
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Fig. 5. Tllustration of the proposed projection module, where the round point
represents the output of the GNN module and is projected into the feasible
domain, denoted as the square point, via the projection module.

tion problem

minimize D({C’l,...,C’L,R},{Cl,...,CL,R}) (27a)
¢h,...CL.R

subject to R = 0, (27b)
L

R-— <Z él> =0, (27¢)
=1

Tr(R) = Py, (27d)

Iy >Ty,VieL, (27e)

where D(-) denotes the function that measures the distance
between the output beamforming designs of the GNN module
and the desired designs in the feasible domain. By setting D(-)
as the Frobenius norm, problem can be rewritten as

L
minimize Y _||C) — Cil[% + | R — R|} (28a)
Ci,...CL,R 1=
subject to R = 0, (28b)
L
R- (Z él> = 0, (28¢)
=1
Tr(R) = Py, (28d)
I, >To,VIeL. (28e)

Based on (9), we reformulate (28¢) and obtain the following
convex optimization problem

L
minimize Z |G~ Ci|}: + |R— R}

(29a)
Ci,...CL,R 1
subject to R = 0, (29b)
L
R- (Z él> =0, (29¢)
=1
Tr(R) = P, (29d)
(14+T3HRCh, > KRR + 0%V € L.
(29)

Note that the constraints of problems (29) and (11) are equiv-
alent except for the rank-one constraint (T1d). To satisfy the

rank-one constraint, the communication beamforming vectors
{€1,...,€L} can be explicitly expressed as

= Cih,
| = —F/—
\/hEChy

and the explicit expression of sensing beamforming matrix S
can be obtained after applying the Cholesky decomposition as
follows

NleLl, (30)

L
SSH=R- (Z C*l> , (31)
1=1
where CN’Z = ¢, Then, we need to prove that set

{¢1,...,¢L, S } complies with the constraints in problem (29)
to validate its feasibility as a solution set for problem (TI).

Proposition 1. The set {cy,...,Cr, §} obtained by (30) and
(31) satisfies the constraints in problem (29).

Proof. With (30) and (1), as h{'Cih; = h}'Cihy, the ob-
tained C satisfies the communication SINR constraint (29¢)).
Since R — (Zle C‘l) > 0, we can apply the Cauchy-
Schwartz inequality, for any w and V [ € L, leading to

. ~ . ~ -2
(6 — C)u = ulCru — (RECihy) ! ‘uHCZhl’ >0,

o (32)

which means that C; — C; = 0,V [ € L. Therefore, we obtain

L N L L N
R—(ZCZ>:R—<ZC’[>+ (él_Cl)EO
=1 =1

=1

. (33)
With Lhe derivation above, it is verified that {C,};c, along
with S constitute a feasible solution to problem 1) O

The entire process of the proposed GNN-IP algorithm is
summarized in Algorithm 1. The proposed algorithm has
the following advantages. First, the computation complexity of
problem (IT)) depends on the sample grid number N, whereas
that of problem (29) is independent of N. Consequently, for
a large value of N, the projection module requires a lower
computation complexity than problem (T1). Besides, as shown
in and (23), the proposed GNN module incorporates
constraints in the normalization layer and loss function design.
Consequently, only a few infeasible samples enter the pro-
jection module, thereby significantly reducing the algorithmic
complexity. Second, the proposed GNN-IP framework guar-
antees permutation equivalence/invariance, while ensuring that
the generated solutions are feasible.

D. Computation Complexity

1) Complexity of GNN-IP Algorithm: As the proposed
GNN-IP framework consists of the GNN module and the
projection module, we analyze the complexity of these two
modules separately.
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Algorithm 1 Joint Transmit Beamforming via GNN-IP algo-
rithm.
Input:
BS transmit power FPp;
SINR threshold I'.
Training dataset
D= {{hlv a(ek)}(1)7 R {hl’ a(ek)}(Dt,rain)};
Test dataset
T = {{h,a(0")} ) - -, {0, a(0%) ) 1
Initial GNN model G.
Output: B
Transmit beamforming matrices {¢i,...,¢r,S}.
Steps:

Training :
while Training do
for : = 0 to D¢y, do
Sample {hy,a(6%)};) from D;
for [=0to L do
Obtain representation vector zl(o) based on ;
end for
Obtain representation vector z(LOJ)rl based on ;
for t =0to T do
for /=0to L do
Update representation vector zl(t) based on 1)

end for
Update representation vector zg)ﬂ based on ;
end for

Obtain network output matrices C' and R based on
23);
Calculate loss based on @]);
Update GNN G model with gradient backward;
end for
end while
Inference :
for i =0 to D;es do
Sample {h;,a(6%)} ;) from T;
Obtain transmit beamforming matrices {C, R} through
the GNN inference;
if C, R is infeasible then
Project the solution to the feasible domain based on
29;
Compute {¢1,...,cr, §} based on and .
else _
Output {¢i,...,€¢, S} based on {C, R}.
end if
end for

a) Complexity of GNN Module: Since the encoders
share the same structure in different layers, we assume that the
encoders of the user and the radar node have the same network
structure with different weights, and denote the computation
complexity of them as O(C'). For the initialization layer, since
each node takes into account the CSI of L communication
users and the array responses of K sensing targets when gen-
erating the representation vector, the computation complexity
is O(CL(K+1)+C(L+ K))=0O(C(LK + 2L+ K). For
the updating layer, each node performs the aggregation and

combining operations. For the user node, according to (7)),
the computation complexity of encoding and max pooling in
aggregation operations is O(C' L+ L—1). For the sensing node,
according to (I8), the computation complexity of encoding
and mean function in aggregation operations is O(CL + L).
Since the combining functions share the same structure in
all nodes, we assume that the combining operation takes
the same amount of time for all nodes, denoted as O(C).
Therefore, the computation complexity of 7' updating layers
is O(TL(CL + L + C)). For the normalization layer, the
computation complexity is O(C(L + 1)). As a result, the
overall computation complexity of the GNN module in the
inference stage is O(C(LK +2L+ K)+TL(CL+L+C)+
C(L+1)~O(C(TL?+TL+ KL+ L+ K)).
b) Computation Complexity of Projection Module:

Solving problem is the most time-consuming proce-
dure of the projection module. Specifically, the CVX tool-
box transforms problem (29) into a second-order cone pro-
gramming (SOCP) problem during the solving stage, where
(294) is transformed into L constraints [47]. Hence the
worst-case computation complexity to solve problem (29)
is (’)(maX(L,LM)4(LM)O'5log(%)) = O((LM)“log(%)),
given a solution accuracy € [38].

We assume that the ratio of the number of samples that
satisfy the constraints to the total number of samples after
the inference of the GNN module is p. The computation
complexity of the whole GNN-IP algorithm is O(p(C(TL* +
TL+ KL+ L+ K))+ (1 - p)((LM)*®log(1))). Hence,
the primary factors influencing the computation complexity
include the ratio of constraint satisfaction, the number of
communication users and sensing targets, and the number of
antennas.

2) Computation Complexity of SDR Algorithm: According
to [33]], we first transform problem (II)) into a semi-definite
programming (SDP) problem, which is then transformed into
a SOCP problem during the solving stage, where (l1a)) is
transformed into N constraints. Given a solution accuracy
e, the worst-case computation complexity to solve (II) using
the SDR algorithm is O(max (N, LM)*(LM )% log(1)) [38].
Hence, the computation complexity of the SDR algorithm is
always greater than or equal to that of the developed projection
module. In particular, to enhance the sensing performance, the
value of N should be large. When N > LM, the projection
module results in lower computation complexity than the SDR
algorithm. By further considering that the projection model is
infrequently used, the worst-case computation complexity of
the proposed algorithm is much smaller than that of the SDR
algorithm.

IV. SIMULATION RESULTS

In this section, we evaluate the performance of our proposed
GNN-IP algorithm for ISAC through extensive simulations.

A. System Settings

In the simulations, the BS is equipped with M = 10
antennas, and located at (x,y, z) = (0, —100, 20) meters. The
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TABLE I
NETWORK PARAMETERS OF THE PROPOSED GNN MODULE.

Name Size Activation Function
O p O anr x 128 x 128 Sigmoid
FO O 198« 128 x 128 Sigmoid
M pD 198 % 64 x 128 Sigmoid
L 128 x 64 x 128 Sigmoid
fgjmbé 128 x 64 x 128 Sigmoid
@ (2 198 % 64 x 128 Sigmoid
fé?mb’l 128 x 64 x 128 Sigmoid
fé?mm 128 x 64 x 128 Sigmoid
3) 128 x 2M None
fs(g) 128 x 2M? None

BS simultaneously serves three radar targets and two commu-
nication users, i.e., = 3 and L = 2. The transmit power
of the BS is normalized to Py = 1. The communication users
are independent and identically distributed within a rectangular
region of ([5,35],[—35,35],0) meters. The channel between
the BS and user [ is modeled as Rayleigh fading, i.e., h; =
Varhy, where hf ~ CN(0,I). The factor o, representing
the large-scale fading, is modeled as o = 10*3dl_2'67, where
d; represents the distance between the BS and user [. The
width of each sensing beam is A = 10°, and thus the desired
beampattern b(6) is set as

b(0) = {

For (7), we uniformly sample the direction grids {6,})_;
within the range of —90° to 90° with a resolution of 1°, i.e.,
N = 180. Unless specified otherwise, we set 02 = 1070 and
Ty = 8 dB.

1aép_% Segép+%ap:17273a

0, otherwise. (34

B. Network Parameters and Benchmarks

We consider a 2-layer GNN and the specific parame-
ters of the FCNN in each graph layer are shown in Ta-
ble 1. For the power normalization parameter 3 in (7)),
we obtain its value by solving the linear equation problem
Bb = p, where b = [b(01),b(62),...,b(0N)]T and p =
[P(91;R),P(92;R)7. .. ,P(QN;R)]T

Our proposed neural network is implemented by the Py-
Torch deep learning library [48]]. We employ the Adam opti-
mizer [49] with a learning rate of 7 X 102 for the network
training. We consider a total of 500 training epochs, and
perform validation and test after every 10 training epochs. The
model with the best performance on the validation set is saved.
The sizes of the training, validation, and test sets are fixed as
10000, 1000, and 1000, respectively. In each simulation, once
the number of communication users and SINR constraints of
the system are fixed, the proposed GNN-IP algorithm directly
inference on the changing communication channel and array
responses without retraining.

We consider the following benchmarks:

e Benchmark 1 is the SDR based optimization algorithm

10
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Fig. 6. Transmit beampattern of MIMO radar when 6; = —40°, 65 = 0°,
and 03 = 40°.

proposed in [33]].

e Benchmark 2 is the zero-forcing (ZF) beamforming based
optimization algorithm proposed in [33|]. ZF-beamforming is
utilized to reduce inter-user interference and radar interference,
which in turn accelerates the algorithm convergence to obtain
a sub-optimal solution.

e Benchmark 3 is the deep neural network (DNN) based
algorithm. We design a conventional FCNN for compari-
son. Specifically, we employ a DNN comprising four fully-
connected layers, with each hidden layer comprising 512
neurons. We employ the sigmoid function as the activation
function. The proposed network is implemented using Py-
Torch, and we utilize the Adam optimizer with a learning rate
of 1072 for neural network training. The sizes of the training,
validation, and test sets are the same as that of the proposed
GNN module. We consider a total of 500 training epochs, and
perform validation and test after every 10 training epochs. The
model with the best performance on the validation set is saved.
We employ the normalization operation described in and
use (25) as the loss function for network training.

We implement the optimization-based benchmark algo-
rithms via the MATLAB CVX toolbox [47], [50] with the
SDPT3 solver [51]]. The results are obtained by averaging over
1000 Monte Carlo tests.

C. Performance Comparison

1) Beampattern: We depict the beampattern P(6; R) in
Fig. [ and Fig. [7] where we set the number of communication
users L = 2. We train and compute the beampatterns for two
scenarios with directions {6, 62, 65} as {—40°, 0°, 40°}
and {—40°, 15°, 30°}. We observe that the proposed GNN-
IP algorithm maintains accurate angle sensing of the target
direction. Our algorithm demonstrates superior beampattern
performance at the target angle compared to ZF and DNN,
closely approaching the performance of SDR. Meanwhile, the
proposed algorithm has excellent sensing performance even
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when the sensing targets are close in directions. Moreover,
due to the full rank sensing beamforming design S, we
successfully sense every target even though the number of
communication users is smaller than the number of sensing
targets.

T
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Fig. 8. Beampattern MSE versus SINR threshold I'g in a dynamic scenario.

2) MSE: We then evaluate the sensing MSE performance
of different algorithms versus the communication SINR con-
straint Ty in Fig. [8] and versus the number of communication
users L in Fig. 0] In Fig. [§] we evaluate the sensing MSE
performance of the proposed algorithm and the baseline al-
gorithms in a dynamic scenario. Specifically, after each time
slot, every communication user randomly moves within [—1, 1]
meter along the x-axis and [—2, 2] meters along the y-axis from
its current position. In each time slot, the proposed algorithm
as well as the baseline algorithms are executed to optimize the
resource allocation. Fig. [§] shows that the proposed GNN-IP
algorithm achieves better sensing performance than the DNN
algorithm and ZF optimization algorithm. Meanwhile, the
performance gap between the GNN-IP algorithm and the SDR
algorithm is small when I'g < 8 dB. As I'y increases to 9 dB,
the GNN-IP algorithm needs to leverage the projection module

07 - - !
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Fig. 9. Beampattern MSE versus number of communication users.

to ensure the solution feasibility, leading to a degradation of its
sensing performance and a relatively large performance loss
compared to the SDR algorithm. This illustrates the feasibility
of the proposed algorithm in dynamic scenarios.

Fig. 9] also indicates that the proposed GNN-IP algorithm
can achieve a satisfactory performance under different values
of L. To illustrate the scalability of the proposed algorithm,
we train a GNN module on the dataset with L = 2, and
then directly apply it to a multi-user scenario. Benefiting from
the shared encoder and decoder design of the user nodes, the
proposed algorithm adapts to different user number scenarios
by directly copying the network weight information of the
encoders of the user nodes of the GNN module without
retraining. From Fig. 0] we find that the performance of the
scaled GNN-IP algorithm is close to that of the GNN-IP
algorithm that performs retraining until the number of users
reaches 4. This illustrates the scalability of the proposed GNN
algorithm.

3) Computation Complexity: Despite achieving a little
higher MSE than the SDR algorithm, the proposed GNN-IP
algorithm has much lower computation complexity. To verify
this, Table II and Table III compare the average computation
time and the sensing MSE of our proposed algorithm with
that of the SDR algorithm and the ZF algorithm under different
number of sample grids NV and different communication SINR
constraints, respectively.

From Table II, we observe that the computation time of the
conventional optimization algorithm rapidly increases with the
increase of N. However, with any value of IV, the computa-
tion time of the proposed GNN-IP algorithm remains almost
unchanged and is much smaller than that of the traditional
optimization-based algorithms. This is due to the fact that
the network mapping of the GNN module and the compu-
tation complexity of the projection module are independent
of N. This demonstrates the low computation complexity
of our proposed GNN-IP algorithm compared to traditional
optimization-based algorithms. Meanwhile, it can be observed
that the sensing MSE for all algorithms increases rapidly as NV
decreases. It is evident that under limited computation time,
our proposed GNN-IP algorithm is able to use a larger NV
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TABLE II
A COMPARISON OF OUR PROPOSED GNN-IP ALGORITHM, ZF ALGORITHM AND SDR ALGORITHM IN TERMS OF AVERAGE COMPUTATION TIME AND
SENSING MSE WITH DIFFERENT NUMBER OF SAMPLE GRIDS N.

GNN —IP ZF SDR
Number of sample grids NV MSE Time (s) MSE Time (s) MSE Time (s)
180 0.2461 0.0002 0.3561 4.8713 0.2253 6.9714
60 0.2515 0.0002 0.3652 1.7279 0.2446 2.0613
30 0.3418 0.0002 0.7235 0.7234 0.3797 0.9849
10 0.9332 0.0002 1.1150 0.6647 1.2050 0.5741
TABLE III

A COMPARISON OF OUR PROPOSED GNN-IP ALGORITHM, ZF ALGORITHM AND SDR ALGORITHM IN TERMS OF AVERAGE COMPUTATION TIME AND
SENSING MSE WITH DIFFERENT COMMUNICATION SINR CONSTRAINTS ['g.

GNN — IP ZF SDR
Ty (dB) | MSE | GNN module time (s) dnfe“’(j;‘::[‘l’g L‘g;’g:lf% ) | GNN-IP algorithm time (s) | MSE | Time (s) | MSE | Time (s)
3 0.2136 0.0002 0 (0%) 0.0002 03471 | 47716 | 02006 | 69182
4 0.2194 0.0002 0 (0%) 0.0002 03478 | 48177 | 02048 | 6.7799
5 0.2239 0.0002 0 (0%) 0.0002 03486 | 4.7980 | 0.2095 | 6.7848
6 0.2295 0.0002 0 (0%) 0.0002 03506 | 4.8229 | 02155 | 6.8487
7 0.2383 0.0002 0 (0%) 0.0002 03530 | 47728 | 02209 | 6.7185
8 0.2461 0.0002 0 (0%) 0.0002 03561 | 48713 | 02253 | 69714
9 0.2640 0.0002 0.0485 (3.2%) 0.0233 03594 | 47793 | 02282 | 7.0134
10 0.2793 0.0002 0.0525 (7.6%) 0.0873 03623 | 49473 | 02294 | 7.0597

than the conventional optimization-based methods, to achieve
desired sensing performance.

Table III also shows the average ratio of the projection
module being used and the corresponding average computation
time during the inference stage. From Table III, it can be
clearly observed that our proposed GNN-IP algorithm enjoys a
significantly lower inference computation complexity than the
SDR and ZF algorithms under various SINR constraints. We
also find that the computation time of the GNN-IP algorithm
increases as the communication SINR constraint increases.
This arises from the inclusion of the projection module
in the GNN-IP algorithm to meet stringent communication
performance requirements. Nevertheless, it can be observed
that when the communication SINR threshold I'y < &, the
projection module is not used, and the computation time of
the projection module is 0. When I'y > 9, the output of
the GNN module may not always be feasible, and hence the
projection module is employed to ensure that the constraints
are satisfied. However, the projection module is not frequently
used and the computation time of our proposed algorithm is
still much smaller than that of the SDR algorithm. We also
observe that the proposed GNN-IP algorithm outperforms the
ZF algorithm in terms of both the algorithmic performance and
the computational complexity. It is worth noting that when
the communication SINR constraints change, the proposed
GNN-IP algorithm needs to be retrained. However, the system
settings do not change as frequently as the communication
channel state information. The proposed GNN-IP algorithm
exhibits low computation complexity and can be applied in
many practical scenarios, such as smart agriculture, video

Constraint satisfaction ratio
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SDR
—<4— GNN only
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Fig. 10. Satisfaction ratio versus SINR threshold I'g

streaming, environment monitoring, and remote control au-
tomation [52].

4) Constraint Satisfaction Ratio: In Fig. [I0] and Fig. [T}
we investigate the satisfaction ratio of different algorithms
under different communication SINR constraints and differ-
ent number of communication users, where the GNN only
algorithm denotes our proposed GNN-IP algorithm without
the projection module. We denote the satisfaction ratio as the
ratio of the number of samples where the solution feasibility
holds to the total number of samples. We can conclude from
Fig. |10] that the satisfaction ratios of the GNN only algorithm
and the DNN algorithm decrease as the communication SINR
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constraint becomes more stringent. Although some efforts,
including adding normalization layer and introducing penalty
terms in the loss function, have been put forward, neither the
GNN only algorithm nor the DNN algorithm guarantees the
feasibility of solutions when the communication performance
is highly demanding. Besides, the GNN only algorithm ex-
hibits a slower decline in satisfaction ratio compared to the
DNN algorithm, which demonstrates the superiority of the
graph structure design of our proposed GNN only algorithm.
In contrast, the satisfaction ratio of the GNN-IP algorithm
remains 100% for all values of I'y in Fig. since the
projection module in the GNN-IP algorithm can strictly guar-
antee the solution feasibility. When the communication SINR
constraint I' increases to 9 dB, the satisfaction ratio achieved
by the GNN only algorithm starts to decline, signifying the
activation of the projection module in the proposed GNN-
IP algorithm. This coincides with the observation that the
algorithmic performance and the computation time of the
proposed GNN-IP algorithm deteriorate at I'y = 9 dB, as
shown in Fig. [§| and Table III. From Fig. we also observe
that the satisfaction ratios of both the GNN only algorithm
and the DNN algorithm decrease with the increase of the
user number. In contrast, the proposed GNN-IP algorithm
consistently maintains a 100% satisfaction ratio, indicating its
effective constraint satisfaction.

V. CONCLUSION

In this paper, we investigate the joint design of communi-
cation and sensing beamforming matrices in ISAC systems,
where an optimization problem that maximizes the sensing
performance under communication performance constraints is
formulated. To this end, we propose a GNN-IP algorithm
to solve the formulated MSE minimization problem, while
reducing the computation complexity and guaranteeing the
solution feasibility. Simulation results show that the proposed
GNN-IP algorithm approaches the sensing MSE performance
to the SDR algorithm while achieving much less computation
complexity. The results also demonstrate the superiority of
our proposed algorithm in guaranteeing the feasibility of the

solution with respect to the DNN algorithm and the GNN only
algorithm.
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