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Abstract—Mega-constellation networks widely employ inter-
satellite links (ISLs) to enhance network connectivity. However,
the ISLs, particularly the inter-plane ISLs that span different
orbital planes, are dynamic and difficult to maintain. The inter-
plane ISLs are less used and can be partly saved. Recently, a
special ISL configuration with pruned inter-plane ISLs has been
implemented in Starlink, yet less studied. This paper delves into
the topological characteristics and routing issues of this pruned
ISL pattern, specifically the 3-ISL topology. This topology is
mathematically modeled and indexed, and key routing prop-
erties are derived, including the minimum hop-count, network
diameter, network cost, and average path length of the 3-ISL
topology. These fundamental properties are rigorously proven
for both Mesh and Torus topologies. Additionally, the shortest
path searching region and path diversity are deduced. Numerical
simulations verify these propositions, and the results of mega-
constellation scenarios suggest that pruning ISLs could lead
to increased path distance, higher delay, and reduced network
capacity. However, in certain constellation configurations, some
metrics are comparable to those of the traditional 4-ISL topology,
thereby potentially reducing system costs. Constellations with
fewer orbital planes and more satellites in each plane are less
affected by pruning ISLs and thus preferred. The findings can
provide analytic insights for routing strategies and guide the
integrated design of constellation configuration and ISL topology.

Index Terms—Routing property, 3-ISL topology, LEO constel-
lation networks, Starlink, Pruned inter-satellite link

I. INTRODUCTION

Low Earth orbit (LEO) mega-constellation networks, rep-
resented by Starlink, OneWeb, and Kuiper, have become an
emerging hot area in communication networks and the Internet
[1]. To enhance the network connection, satellites in mega-
constellations are equipped with inter-satellite links (ISLs),
forming a global internet mesh for user access [2], [3]. Trans-
mission through ISLs also causes inter-satellite routing issues,
where the algorithm and performance are closely related to
topological configuration [4].
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In most academic studies and actual constellation design
proposals with ISLs, each satellite is designed with four ISLs
connecting its neighbors in front, rear, left, and right, i.e., two
intra-plane ISLs and two inter-plane ISLs [5]-[9]. The 4-ISL
pattern topology is also named the '+Grid’ or X’ pattern,
represented by the Iridium system [5]. The 4-ISL configuration
transforms the network into a regular Mesh or Torus topology
[10].

For 4-ISL topology, its topological features, routing prop-
erties, and capacity issues have been proven and well investi-
gated [11]-[14]. Facilitated by satellite indexing, the minimum
hop-count can be calculated and many routing schemes are
proposed [15], [16]. The shortest routing can be confined to
a grid-like subgraph, and the potential next hop directions
towards the destination are unambiguous. Lu et al. [14] derive
the average path length in the 4-ISL network which increases
with the constellation scale, and propose a structural optimiza-
tion method to enhance the transmission efficiency of mega-
constellation. The seam in polar constellations may transform
the 4-ISL tours into Semi-Mesh, then Wang et al. [17] propose
an encountering ISL pattern and derive minimum hop-count
formula. The node failure issue and topology robustness are
also studied [18]—[20]. Lai et al. [21] further propose a resilient
routing to eliminate the topological uncertainty caused by LEO
dynamics and uncertain failures.

By exploiting the symmetric and regular 4-ISL topology
of LEO mega-constellation, Chen et al. [22] have proved the
explicit relations between the minimum hop path and shortest
distance path and propose an analytic end-to-end hop-count
evaluation method with high accuracy [9]. Furthermore, by
combining the inter-plane ISL features, they also propose an
explicit shortest path algorithm [12], which indicates that the
exploitation of the topological features can facilitate routing
scheme design, improve routing efficiency, and reveal network-
ing characteristics.

However, due to the relative high-speed satellite movement,
the inter-plane ISLs between two orbit planes are much more
dynamic than intra-plane ISLs [23]. The maintenance of inter-
plane ISL is much more challenging and costly, and the
transmission through inter-plane would be unreliable and cause
instability to the end-to-end routing. Thus, minimizing the
usage of inter-plane ISL is desired [23], [24]. And the inter-
plane ISL terminals can be partly saved to reduce the cost.

Therefore, the ISL topology with pruned inter-plane ISLs
becomes a promising solution and have been implemented in
practice [25]. SpaceX has claimed that each Starlink satellite
contains three space lasers [26], i.e., 3-ISL configuration,
which can maintain a global connection with less ISL ter-
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minal cost. Although there is no public report indicating the
exact ISL connectivity mode of Starlink, it is plausible and
speculatively consistent that a 3-ISL topology is implemented,
or partially implemented. A possible 3-ISL topology can be
obtained by alternatively pruning inter-plane ISLs from the
typical 4-ISL topology [25], then each satellite can maintain
two intra-plane ISLs and one inter-plane ISL, forming a 3-ISL
topology.

The 3-ISL topology has unique topological features. How-
ever, this new topology is less studied in satellite network ar-
eas. Although some researchers investigate similar topologies
in mathematical theory [27] or chip field [28], they focus on
simple and most regular cases, and the applicability is limited.
Some properties in the 3-ISL topology should be similar to the
4-ISL case, while the differences are implicit and unknown.
Note that pruning ISLs can not avoid the usage of inter-plane
ISLs, but if the network can still perform comparably, then
the reduced ISLs can save much cost. Thus, dedicated studies
on the 3-ISL topology and routing issues in satellite networks
are required.

Motivated by the above, this paper, for the first time,
investigates the routing properties and performance of LEO
mega-constellation networks with 3-ISL topology. Here, the
routing property refers to the inherent features and fundamen-
tal behaviors of the path routing which will be theoretically
derived and numerically verified. We focus on the deriva-
tion of fundamental routing metrics and properties, and the
performance differences between the 3-ISL and traditional 4-
ISL topologies, especially in mega-constellations. The main
contributions are summarized as follows.

« By alternately pruning inter-plane ISL from traditional 4-
ISL topology, the 3-ISL topology is obtained. A unified
graph-based model and indexing scheme are formulated
based on the revision of the 4-ISL model.

o Key network metrics and routing properties of the 3-
ISL network topology are derived, including hop-count,
network diameter, network cost, average path distance, etc.
The model and properties are proven in Mesh and Torus
topologies, respectively, and the differences are compared
with the 4-ISL topology.

« By converting the 3-ISL topology into a honeycomb pat-
tern, and introducing a ternary-indexing scheme, the short-
est path searching region and path diversity are explicitly
deduced.

o The propositions are numerically verified and leveraged
to analyze the simulation results. Results indicate that
the 3-ISL topology may cause more path distance, higher
delay, and lower capacity, compared to the traditional 4-
ISL topology. But the degraded performance depends on
the constellation pattern, where constellations with fewer
planes are preferred.

In the rest of the paper, Section II establishes the complete
model, and Section III derives key routing properties for the
3-ISL topology. Section IV further investigates the shortest
routing searching region and path diversity. Finally, Section V
verifies the propositions and properties and further compares
the performance between 3-ISL and 4-ISL topologies.
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Fig. 1. Satellite network model with 3-ISL topology.
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Fig. 2. Network topologies of the 4-ISL and 3-ISL patterns.

II. NETWORK MODEL OF THE 3-ISL TOPOLOGY

In this section, the LEO constellation network model and
ISL topology are introduced, then the 3-ISL topology is
generated and modeled by pruning half inter-plane ISLs, as
shown in Fig. 1.

LEO constellations widely adopt the Walker-type which is
regular and symmetric [9], [14], and can be denoted as « :
NpMp/Np/F, where Np orbit planes are distributed evenly
along the equator, M p satellites are evenly distributed in each
plane, « is the orbit inclination, and phasing factor F’ specifies
the relative spacing between satellites of adjacent orbits [12].

Satellite in a constellation can be indexed by (v, h) which
indicates the v-th satellite in h-th orbital plane. Traditionally,
in the 4-ISL pattern, each satellite establishes four ISLs with
its neighbors: two intra-plane ISLs with the front and rear
satellites within the plane and two inter-plane ISLs with the
left and right neighboring satellites, respectively.

To reduce the usage of inter-plane ISLs and the cost of
laser terminals, some inter-plane ISL terminals are pruned
in some constellation proposals. In a pruned-ISL topology,
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Fig. 3. Torus and Mesh of the 3-ISL topology.

each satellite retains three ISLs: two intra-plane ISLs remain
unchanged, and it establishes one inter-plane ISL alternatively
with its right and left neighbors. This pruned ’T-shaped’
topology is named 3-ISL in this paper, forming a brick wall
pattern that looks like alternatively pruned half of the inter-
plane ISLs from the classic 4-ISL topology, as shown in Fig.
2.

The 3-ISL network can be represented by graph G =
(V,E), where V and E are the set of all satellites and links,
respectively. |[V| = NpMp, and |E| = %NpMp. Note that
both Np and Mp should be even to maintain a stable Torus
topology. All the nodes have a degree of 3. According to the
satellite moving direction and inter-plane ISL direction, the
nodes can be divided into two groups. We define the even node
set Vg = {(v,h) € V|mod (v+ h,2) =0}, where each
node establishes an inter-plane ISL with its right neighbor,
which is just an odd node. Similarly, the odd node set can be
defined as Vi, = {(v,h) € V|mod (v+h,2)=1}.

Specifically, when the satellite (1,4) and (Mp,h) in the
same plane are connected and satellite (v, 1) and (v, Np) in
adjacent planes are connected, then a 3-ISL Torus topology is
formed. Otherwise, the topology with non-looped end nodes
is named 3-ISL Mesh, as shown in Fig. 3. Typically, in LEO
constellation networks, the satellites within the plane form a
ring, and satellites across adjacent planes also form a ring,
thus the Torus topology is widely adopted. In some special
cases, e.g., polar constellations where a seam exists, semi-
Torus topology is formed. But when discovering paths between
two satellites, the searching region can be simplified into a
Mesh topology. Based on the ISL connection and satellite
indexing, the 3-ISL Torus is node symmetric, thus its topology
properties can be derived from an arbitrarily selected node.

III. ROUTING PROPERTIES AND METRICS OF 3-ISL
TOPOLOGY

Based on the network model and satellite indexing scheme,
this section derives key routing properties of the 3-ISL topol-
ogy, which is similar but unique compared to the 4-ISL
topology. Most of the differences are due to the vertical detour
caused by the intermittently missing inter-plane ISLs. Key
routing metrics are derived, including minimum hop-count,
network diameter, network cost, and average path distance, as
summarized in Table I.

*—O

(va,h4)

Sc

Fig. 4. Shortest path from Sc to Sd in the 3-ISL topology. Extra hops are
required compared to the unpruned 4-ISL topology, which is indicated by the
dashed path.

A. Minimum Hop-count between Two Nodes

Firstly, this paper takes the transmission hop count as the
primary routing metric to be minimized, rather than physical
distance, which is also a common practice [13], [14], [29].
Additionally, the paper uses the minimum hop count as the
main metric for evaluating the ’path distance’ between any
two satellites.

Fig. 4 shows a shortest path from source satellite Sc to
destination Sd in the 3-ISL topology, the path consists of
several intra-plane and inter-plane hops. The required inter-
plane hops depend on the orbital plane difference. However,
the intra-plane hops are caused by both the satellite index
difference and the inter-plane hops. When inter-plane hops
are required but the corresponding inter-plane ISL is pruned,
a detour is caused, and extra intra-plane hops are involved,
compared to the unpruned 4-ISL topology. Moreover, we
notice that the involved extra hops also depend on the parity
of the end nodes.

Lemma 1. /n 3-ISL topology, N inter-plane hops involve at
least Ny intra-plane hops. Ni,, between satellite (vq, hq),
(va, h2) can be given by
ha—hy

Ninv:N+m (mod(h14v1,2)—mod(ha+v2,2)) (1)
Proof. Since the inter-plane ISLs are alternatively pruned
and each node has only one inter-plane ISL, an inter-plane
hop must be followed by an intra-plane hop. When (vq, h1),
(v, hg) are both even or odd nodes, N inter-plane hops
involve at least N intra-plane hops. Assume hy > hi, when
(v1,h1) is odd and (ve, ha) is even, an extra intra-plane hop
is required. While (v1,h1) is even and (ve, ha) is odd, one
intra-plane hop can be saved, and at least N — 1 intra-plane
hops are required. When hy < hjp, a similar conclusion can
be obtained, and (1) is obtained. O]

According to Lemma 1, the minimum involved intra-plane
hops Ninw = N or N £ 1, which depends on the type of
end satellite. It also indicates that in the 3-ISL topology, the
more orbital planes are involved, the more intra-plane hops
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TABLE I
KEY METRICS SUMMARY OF 3-ISL AND 4-ISL TOPOLOGIES.

Number of links Degree Network diameter Network cost
4ISL Mesh 2NpMp — Np — Mp  Max. 4 Np + Mp —2 4Np +4Mp — 8
4-ISL Torus 2NpMp 4 NptMp 2Np + 2Mp
3ISL Mesh  SNpMp — Np — 22 Max.3 Np —1+max{Mp—1,Np,} 3Np + max{3Mp —3,3N,} —3
3-ISL Torus 3NpMp 3 max {% Np} max {£ (Np + Mp),3Np}

are required. Next, the minimum hop-count of 3-ISL topology
is derived in Mesh and Torus, respectively.
1) 3-ISL Mesh Topology:

Proposition 1. (Hop-count in 3-ISL Mesh). In a 3-ISL Mesh,
the minimum hop-count between satellite (v1, h1) and (va, hs)
is

H3M:max{|’02 1}1| |h2 h1‘+|h Ty OE}+h2—h1| )

where OF = mod (hy + v1,2) — mod (hg + v, 2).

Proof. The minimum hop-count is the sum of the inter-plane
hop-count H}, and intra-plane hop-count H,,. Similar to the 4-
ISL Mesh, Hh = |h2 — hl‘ When |U2 — ’U1| Z |h2 — h1 ,
minimum H, is also similar, H, = |vs — v1|. However, when
|va — v1| < |ha — k1], according to Lemma 1, the extra intra-
plane hops Hj,y caused by inter-plane hops can be greater than
|vg — v1|. Therefore, H, should be max {|va — v1|, Hiny}-
Then combining (1) and the above formula with the total hop-
count calculation, (2) can be obtained. O]

2) 3-ISL Torus Topology:

Proposition 2. (Hop-count in 3-ISL Torus). In a 3-ISL Torus,
the minimum hops between satellite (v1,hy1) and (va, ha) is

3T — max{ , min {Hmv, mv}} +H, @3)
where Hj, = min{|lhy —hi|,Np — |ha —h1|}, H) =
min {|vy — v1|, Mp — |va — 1]}, and HY, = |hy —hy| +

|22:21| (mod (hy + v1,2) — mod (hg + v2,2)).

Proof. The difference between Mesh and Torus is that the
links in a Torus form a ring, and the reverse forward-
ing direction also becomes available. Similar to the 4-
ISL Torus, the required minimum inter-plane hop-count be-
comes Hj, min {|hy — k1|, Np — |he — hq|}. The min-
imum intra-plane hop-count in 4-ISL Torus is H
min {|ve — v1|, Mp — |vg —v1]}. In 3-ISL Torus, the inter-
plane hops also involve at least Hj,, intra-plane hops. Consid-
ering the reverse direction, the minimum intra-plane hops in-
volved are Hip, = min { H) , Np — HJ, }, where H), = Nipy
can be obtained from (1). The minimum intra-plane hop-count
in 3-ISL Torus is H, = max{ q;aHinv}- Finally, summing
Hj, and H, can yield (3) and prove the proposition. O

According to the above derivation, we also obtain the intra-
plane hop-count H3T = max { H), min {H),, Np — H{ } }
and inter-plane hop-count H; 3T — Hj,. Since 1ntra plane and
inter-plane ISLs have different link performances, researchers

can set their weights on-demand to obtain a weighed hop-
count metric 3T = w, H3T + w, H3™, where w, and wy, are
the weights of intra-plane and inter-plane ISLs, respectively.

3) Extra Hops of 3-ISL Compared to 4-ISL Topology: Since
half of the inter-plane ISLs are pruned, some node pairs in the
3-ISL topology need extra hops to connect each other, which
are ’detours’ in the 4-ISL topology. Based on (1), the extra
hops can be further specified. Similar to the 4-ISL topology
[22], the shortest path discovering subgraph in a 3-ISL Torus
topology can also be simplified into a 3-ISL Mesh topology
(See Section IV for details). Therefore, here we focus solely
on the 3-ISL Mesh topology to discuss the extra hops.

Corollary 1. (Extra Hops). Compared to 4-ISL Mesh, the
shortest path in 3-ISL Mesh between (vi,h1) and (va,h2)
requires additional AH intra-plane hops, AH is an even
number and we have

0, if |ha = ha| < [vz — vi
AH = ho —h 4
lhy — hy| — |v2 — 01| + ——— - OEF, else @
|ha — hi|

where OE = mod (hy + v1,2) — mod (hs + v, 2).

P}’OOf AH = H3M _ H4M _ Hv3M+Hh3M _Hv4M —Hh4M.
According to the hop-count calculation equations in 3-ISL
and 4-ISL topology, H,*™ =H;*™, thus, inter-plane detour
is not involved. AH = vaM — H,U4M, then based on
(2) and H,"™M = |vg — 1|, when |hg — hq] <
|h2 h1|+|h27 1 (mod (h1+v172)—m0d (h2+02,2)) S
lvg — vy, HM H™ and AH = 0. Similarly, when

|h2 7h1| > "Ug 71)1|, AH = |h2 7h1‘ — |’L)2 7’l}1| —+
lZi:Zil (mod (h1 4+ v1,2) — mod (ha + v2, 2)).

Furthermore, since the parities of |hy — hq| — |vg — v1| and
mod (hy 4+ v1,2) — mod (hy + v9,2) are consistent, AH is
an even number. O

According to the above proposition, in the 3-ISL topology,
when |hy — hi| > |ve — v1|, the shortest path requires more
inter-plane hops, and the extra hops are even and approxi-
mately equal to hi| — |va — v1]. It also indicates that if
|he — h1] < |vg —vq|, then no extra hops are required, and
the distance is the same as in the 4-ISL case.

B. Network Diameter and Network Cost

Network diameter and network cost are key metrics to
evaluate the network efficiency [30]. The network diameter
manifests the transmission times of messages between nodes
and is defined as the maximum distance between any two

nodes in a network, D = max H (S;,55).
A
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Proposition 3. (Network Diameter). The diameter of a Np X
Mp 3-ISL Torus is

Np+ Mp .
DT — %,lf Np < Mp

Np,if Np > Mp

(&)

Proof. Based on the definition of diameter, the max of
H needs to be solved. According to (3), H’T = Hj +
max {H), Hypy }. Then max H; = Ne is achieved when
|hy — hi| = X2 Similarly, max H? = %% is achieved when
lvg —v1| = =3, and max Hip, = Ne is achieved when
HY, = 22 Then max of H3 is 22 + max {2 X2} the
proposition is proven.

According to (5) , the network diameter can also be ex-
pressed by

N, M
D3T:maX{P—gP,Np} (6)

The network cost is defined as the product of diameter and
degree [30]. Then the network cost of 3-ISL Torus is

3(Np+ Mp) .
_ f Np < M
2 , 1 P = P (7)
else

Cost’T =
3NP7

Typically, there is a trade-off between degree and diameter.
Accordingly, the network cost is adopted as an evaluation
metric to balance the above two parameters. But based on
Proposition 3, when Np < Mp, the diameter of the 3-ISL
network remains the same as the 4-ISL, thus the network cost
is reduced by 25 percent, which indicates that the transmission
timeliness can be maintained with fewer links and less network
cost. The above propositions also indicate that more orbital
planes may cause a longer path and greater cost, even though
the total satellite number is fixed.

Similar to the above Torus topology, the diameter of
the 3-ISL Mesh can be derived. DM = Np — 1 +
max {Mp — 1, Np}. Combining the above derivations and
fundamental conclusions from existing studies [22], [27],
the network diameter and network cost of the four typical
topologies are summarized in Table I. It can be found that
with fewer ISLs, the network cost with 3-ISL is reduced by
approximately 25% compared to the 4-ISL topology. However,
if the constellation has too many orbital planes, the opposite
situation may occur.

Note that the above conclusions are based on the regular
ISL-connecting pattern where the phasing difference between
adjacent orbit planes is near zero and satellites connected
by inter-plane ISLs have the same v-index. When phasing
difference cannot be ignored, satellite (v, Np) and (v + U, 1)
can be connected by inter-plane ISL as a shortcut, and the
network diameter can be decreased.

C. Average Inter-node Distance

The transmission efficiency over the network can be en-
hanced by reducing the average inter-node distance (AID) [14].
AID is defined as the average path distance for all possible

node pairs through the network. The AID of a network with
n nodes is calculated by

1
L=——xs H (5;,5;) ®)
n(n—1) S;j I
where S;,5; € V, H (S;,5;) is the distance between .S; and
S;. In a Np x Mp 3-ISL Torus, since the topology is node-
symmetric, (8) can be simplified to

1
Noiis 2 H (51.5) ©)
J#1

Due to the node-symmetric property, .S; can be any satellite
node in the 3-ISL Torus. We can assume S1=(1, 1), then by
calculating the sum of H (51,.5;), we can obtain the average

inter-node distance.
Firstly, we can obtain the average inter-node distance of
a Np x Mp dimension 4-ISL Torus, L*T = %, the
proof is omitted. Then we introduce the extra hops from 4-
ISL to 3-ISL Torus, AH (SJ) = HT (Sl7 57) — H*T (Sl, Sj)
It is known that H*™ = min {|hs — h1|, Np — |ha — h1|} +
min {|vg —v1|, Mp — |v2 —v1|}. Then according to (3) ,
AH (S;) can be formulated as (4), and we have AH (S;) > 0.

Proposition 4. (Average Path Length). The average inter-node
distance of a Np x Mp 3-ISL Torus is

Np+M Np?

WetMp) | Ne” 1Ny < My
13T 4 12Mp  3Mp (10)
(Np+Mp) | Np® 1 (Np—Mp)° e
4 12Mp 3Np 12NpMp'’

Proof. Since the topology is node-symmetric, we assume
S1=(1,1) is at the center of the Torus, then the Torus can
be divided into four similar parts. First, we focus on the right-
upper part, where the index (v,h) satisfies 1 < v < %,
2 < h < % Then, according to (4), when v > h — 1,
AH (v, h) = 0, as the black nodes shown in Fig. 5. When v <
h—1, AH (v,h) = h—v—mod (h + v,2), as the gray nodes
shown in Fig. 5. Then the/sum of the extra required hops in this
Np/2h—2
partis Y AH (v,h)= > > h—v—mod (h+ v,2). Simi-

h=3 v=1
lar expressions in other three parts can also be obtained. Then

for the whole network, we have > AH (v,h) = NI—I; - % for

Np < Mp, and 3 AH (v,h) = N2 — Me _ (Ne—Me)? go,
Np > Mp. Based on the average inter-node distance of 4-ISL
Torus, its total inter-node distances sum to w.
Then the total inter-node distances of the 4-ISL Torus sum to
W+Z AH (v, h). Finally, according to (9), the

proposition is proven. O

According to Proposition 4, comparing the 4-ISL, we find
the average distance of the 3-ISL Torus is increased by

Np? 1 if Np <M
12Mp  3Mp' P =
AL = ) 5 (11)
Np — ! — (Np — Mp) else
12Mp 3Np  12NpMp ’
When Np = Mp, AL = §£ — 2— ~ 0.08Np, which

means that the average distance of the 3-ISL Torus is slightly
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Fig. 5. Distribution of required extra hops from 4-ISL to 3-ISL Torus to
reach (1,1), indicated by the green number besides hollow nodes.

increased compared to 4-ISL case. However, when there are
too many orbital planes, the increased distance becorznes more
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Furthermore, since the average hops of the inter-plane ISL
are both % for the two topologies, we can obtain the average
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To sum up, the 3-ISL topology differs from typical 4-ISL
topologies primarily due to the additional detours incurred
when there are numerous inter-plane hops. Lemma 1 delineates
the calculation of these extra hops. Subsequently, Propositions
1 and 2 provide explicit formulas for the hop-count in 3-
ISL Mesh and Torus topologies, respectively. Based on this,
Corollary 1 quantifies the increase in hop-count relative to
the typical 4-ISL configurations. Finally, Propositions 3 and 4
determine the network diameter and AID for the 3-ISL Torus,
respectively.

IV. SHORTEST ROUTING DISCOVERY IN THE 3-ISL
TOPOLOGY

The last section focuses on the routing metrics for the
overall network, then this section studies the routing discovery
issue for the specific source and destination satellites. The 3-
ISL topology is further converted into a honeycomb pattern,
then path searching region and path diversity are formulated.

A. Shortest Path Searching Region

The shortest paths between two satellites are not unique,
and the nodes on these multiple potential shortest paths form
a shortest path searching region (SPSR). A node belongs to
the SPSR if and only if it is an element of some shortest path
between the two satellites. When the SPSR is determined, the
shortest routing discovery becomes more efficient.

(3) AZ2AX,AY

(1) AX2AY,AZ (2) AY 2AX,AZ

Fig. 7. Shortest path searching region between Sc and Sd.

Given the source satellite Sc¢ and destination Sd, it can
be known that for any intermediate satellite .S; within the
SPSR, the sum of its distances towards Sc and Sd equals
the distance between Sc and Sd. That is, if S; € SPSR, then
H (Sc¢,Sd)=H (Sc, S;) + H (S;, Sd).

For a better illustration of the SPSR, we convert the network
topology from the brick pattern into the "honeycomb’ pattern,
as shown in Fig. 6. The intra-plane ISLs are staggered and
tilted, forming a hexagonal honeycomb pattern. A triple-
indexing scheme is introduced to facilitate the formulation
of the SPSR. Similar to [27], [31], let the origin (0,0,0) be
at satellite node (1,1), and let X, Y, and Z axes be parallel
to three edge directions, respectively. As shown in Fig. 6,
the X-axis points in the direction where the satellite v-index
decreases, the Y-axis points in the v-index increasing direction,
and the Z-axis points in the h-index increasing direction. Then
all nodes with a fixed (say) X, Y, or Z-coordinate belong to
a zigzag chain. Then based on the indexing rules, the index
(X,Y, Z) of neighboring satellite (v, h) can be given by

¥ [1_v+h—‘

Y:F}_h—‘ (13)
2

Z =h-1

Note that the index transformation only works in a Mesh
topology. With the triple index, a honeycomb pattern is
formed and its topological properties can be derived similar
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to [27], [31]. The distance between Sc (X1,Y7,Z;) and Sd
(X2,Y3,7Z5) can be concisely given by H = | X2 — X1| +
|Yo — Y1| + |Z2 — Z1|. Then the hop-count in 3-ISL Mesh of

(2) can also be calculated by
HSM: 1)2+h2 B U1 +h1 n U2*h2 B ’Ul*hl
2 2 2 2

The above equations also indicate that the shortest path
between these two nodes has AX = |Xs — X;| hops along
X-axis, AY |Y2 — Y3| hops along Y-axis, and AZ
|Z2 — Z1] hops along Z-axis, respectively.

Then the SPSR can be specified by a group of several
continuous hexagons, as shown in Fig. 7. The SPSR from
Sc to Sd is limited by six zigzag chains, ie., X = Xj,
X Xo, Y Y,V = Yo, Z Z1, and Z Zs.
Given the source satellite Sc and destination Sd, for any
intermediate satellite S; (X;,Y;, Z;) within the SPSR, we have
X1 <X, < X0, Y1 <Y <Ys,and Z; < Z; < Z3 (assume
X1 < Xo, Y1 <Ys,7y < Z).

Hha —hl

B. Shortest Path Diversity

The shortest path with minimum hops is not unique in the
3-ISL topology and is confined within the SPSR. The shortest
path diversity can be calculated with AX, AY, and AZ.

Proposition 5. (Path Diversity). The number of different
shortest paths between two nodes in 3-ISL topology is

K, =C (Hex1 + Hexy, Hex1)

where  Hex; min {AX,AY}, Hexs
min {max {AX,AY} AZ}, and C(n,k) is the number of
combinations of n items taken k at a time.

Proof. Hexq min {AX,AY} and Hexs
min {max {AX,AY} AZ} mean that Hex; and Hexo
are the smaller two of AX,AY and AZ. Based on the
3-ISL topology and axis definition, the forwarding hops
in the X, Y, and Z directions cannot be consecutive. For
example, after a hop in the X direction, the next hop must
be along either the Y or Z direction, and similarly for the
other two directions. Assuming that the Z direction has the
most hops, AZ > AY > AX, then it must be the case that
AZ — (AY + AX)=0or 1.

On the other hand, the shortest path has totally AZ+AY +
AX hops, and before and after AZ hops in the Z direction,
there must be one hop in the X or Y direction, which accounts
for AX+AY hops. Therefore, each path can be determined by
simply deciding the positions of AX hops in the X direction or
AY hops in the Y direction. Then the total number of different
paths is K, = C (AX + AY,AX). When AX,AY and AZ
satisfy other numerical relationships, this pattern also holds
true, thus proving the proposition. O

5)

Fig. 7 shows three cases of path diversity in the SPSR,
we can find that Hex Hexo are just the number of involved
hexagons. Note that when Sc or Sd is near the marginal in
a 3-ISL mesh, the path number will be reduced because the
SPSR hexagons are truncated. But there is no marginal area

in a 3-ISL torus, thus the above equations are more suitable
for two nodes that are not too far apart in 3-ISL torus.

V. SIMULATIONS AND DISCUSSIONS

Through numerical simulations in various constellation sce-
narios, this section first verifies the proposed propositions
and properties. Then the key network metrics of 3-ISL are
evaluated and compared to the 4-ISL topology. Both user
density distribution and multiple gateways are considered, and
the effects caused by the pruned ISLs are further discussed.

A. Verification of the Propositions and Properties

To verify the proposed routing propositions and properties,
the Monte-Carlo simulation method is adopted. Scenarios are
established with different Np and Mp ranging from 4 to 100.
In each scenario, all the node pairs are traversed and examined.
When NpMp > 1000, up to 1 x 105 node pairs are randomly
selected for examination.

The Dijkstra algorithm is adopted to generate the shortest
path between the node pairs as a benchmark for verification.
Then the routing metrics of the 3-ISL topology, including
hop-count, network diameter, and AID, are compared to the
theoretical formulation. Results indicate that there is no error,
confirming the accuracy of the proposed propositions and
properties. Furthermore, when the path diversity is examined,
slight deviations may occur in the 3-ISL Torus topology.
Because the Torus topology enables paths in the opposite
direction, extra paths may occur. But if the paths are limited
within the Mesh topology, then this issue is avoided. Note
that the related formulas of the 4-ISL topology have been
well studied and examined and are not further discussed in
this paper.

B. Network Performance Comparison between 3-ISL and 4-
ISL Topologies

To investigate the network performance affected by the
pruned ISLs, simulations are evaluated with the two ISL
topologies in various constellations. Based on the basic Star-
link phase-I constellation (53°@550km, Np = 72, Mp = 22),
six variant constellations are generated and tested. The 12x22,
24 %22, and 36x22 configurations are with %, % and % of the
total satellites of 72x22 case, 36 x44 and 24 x 66 are the other
two versions of the 1584-satellite configuration.

1) Hop-count Comparison: By selecting a central satel-
lite and calculating its hop distances to all other satellites,
the maximum and average inter-satellite hop distances are
obtained, as shown in Fig. 8 and Fig. 9. Both two metrics
exhibit similar trends. The maximum hop distance, or network
diameter, grows linearly with the constellation scales, while in
the 3-ISL topology, the maximum hop distance grows faster.
Additionally, more orbital planes result in a higher maximum
hop distance. In the 72x22 constellation, the 3-ISL topology
may cause up to 35 additional hops compared to the 4-
ISL case. This is due to the large inter-plane hops, which
also necessitate many extra intra-plane hops. When the total
satellite number is fixed and orbital planes are reduced, the
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Fig. 8. Max inter-satellite hop distance of various topologies.
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Fig. 9. Average inter-satellite hop distance of various topologies.

metric can be reduced to the same as in the 4-ISL case. These
features match well with the formulated results in Table I.

As shown in Fig. 9, the average hop distance exhibits a
similar trend to the maximum hop distance, while its value is
approximately half that of the maximum value. This feature is
consistent with those regular and uniform network topologies.
Similarly, the average hop distance can be greatly reduced
when more satellites are distributed in fewer orbit planes. Fig.
8, Fig. 9 and later Fig. 12 all indicate that the increase of Np
instead of Mp has more remarkable impacts on the network
performance.

Fig. 10 and Fig. 11 present the cumulative distribution
function (CDF) of the hop-count over the network for 72x22
and 24 x66 constellations, respectively. It is evident that with
an increased number of orbital planes, the required hop-count
for the 3-ISL topology rises, and the hop-count distribution
becomes more uniform. However, when the constellation con-
figuration is adjusted to 24x66, the hop-count distributions
converge significantly because detours can be avoided. In
terms of the average hop distance, the metric increases by
only 3.21%, even though 25% of ISLs are saved.

Since the ISLs become shorter, when the constellation is
dense, the physical ISL distances as well as the link delays
may not vary as noticeably as the hop-count. Fig. 12 illustrates
the corresponding inter-satellite delay in different scenarios.
We can observe that the delay remains relatively flat as the
constellation scale increases. The total path length can be
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Fig. 10. CDF of hop-count in 72x22 constellation.
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Fig. 11. CDF of hop-count in 24X 66 constellation.

stable even if more intermediate satellites and hops are added.
However, the delay also experiences a significant increase in
the 3-ISL case when the constellation has more planes. In the
72x22 constellation, the delay has increased by more than
double. But as long as Np < Mp, the impacts of the pruned
ISLs become much weaker (see the results of 36x44 and
24X 66 cases).

2) End User Delay Comparison: We further consider the
real satellite networks with a non-uniform distributed user den-
sity. These networks operate in an integrated space-terrestrial
mode with multiple ground gateways. In this setup, satellites
receive packets from end users and relay packets to their
nearest gateway instead of all other satellite nodes as in
the previous subsection, thus avoiding long ISL paths that
can span half of the network. The satellite-gateway links
utilize radio frequency (RF) links and do not occupy the
ISL terminals. The user density distribution is determined by
population demographics, and 30 gateways are strategically
placed in proximity to user-dense regions to optimize the relay
process [32]. The satellite receives data from ground users and
forwards it to the nearest gateway station through inter satellite
communication, in the entire network .

Table II lists the average end user delay when user density
distribution and gateways are considered. Compared to Fig.
12 where all satellites become source-destination pair, the
user delay is much reduced when gateways are introduced
because only the nearest gateway becomes path destination
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and transmission path becomes shorter. Since the user density
is non-uniform and the ground gateways are placed close to
the user-dense regions, more packets can reach the gateway
through shorter paths, resulting in lower average delay com-
pared to a uniformly distributed user case. Thus, the user
density-weighted average delay is further reduced. Comparing
the 3-ISL and 4-ISL topologies, we find that the delay can
increase by over 60% in the 72 %22 constellation. But 24 66 is
obviously a better design compared to other proposals, where
the delay increases only 3.00% while 25% of the ISLs are
saved.

Fig. 13 illustrates an example of a shortest path connecting
the Solomon Islands and the Hawaiian Islands in different con-
stellation configurations. Although the source and destination
are the same, the path patterns are quite different. The hop-
counts of the two paths are 10 for the 72x22 configuration and
7 for the 24x66 configuration, respectively. The two places
are far away in the longitudinal direction and the 72x22
configuration has shorter inter-plane ISLs, thus more inter-
plane hops are required and detours are caused. Moreover,
intra-plane ISLs in the 72x22 configuration are longer, the
increased delay is higher.

Fig. 14 and Fig. 15 further compare the CDF of delay in
the two constellations. The 72x22 constellation suffers from
extra detours when the inter-plane ISLs are pruned, the delay
increases remarkably. But if the satellites are reorganized to
the 24 x66 configuration, the impact of the pruned ISLs on
average delay becomes much smaller. Furthermore, the results
of the 36 x44 configuration in Table II indicate that when Np
becomes closer to Mp and the constellation is more regular,
the impact of the pruned ISLs increases, but the degree of

User delay(ms)

Fig. 14. CDF of user delay in 72x22 constellation.

impact is still small. That is, Mp > Np is always preferred,
and the greater Mp, the less impact is caused by the pruned
ISLs.

3) Network Capacity Comparison: Since the network ca-
pacity is affected by the topology and average hops, the
network capacity of various scenarios is also evaluated and
compared. Mao et al. [29] have concluded that system capacity
is inversely proportional to the average hop-count over the
network, i.e., fewer hops cause higher system capacity.

The non-uniform user distribution and gateway placement
are the same as in the above scenarios. The total user demand
is set to 2 Tbps, the satellite-gateway link capacity is 20
Gbps, and the ISL capacity ranges from 1 to 10 Gbps. During
the simulation, each satellite calculates the total user demand
within its coverage area, which serves as the access traffic for
this satellite. Then the capacity is evaluated using the max flow
method [33]. At each time step, a maximum flow problem
is constructed based on the constellation configuration, ISL
connection topology, user traffic demand, inter-satellite links,
and satellite-to-ground link capacities. We finally compute the
maximum traffic that flows through all users to the ground
gateways across the network, which is then adopted as the
system capacity at that time step. The data in Fig. 16 represents
the average system capacity over multiple time steps.

Fig. 16 shows that the capacity may decrease in the 3-ISL
topology, but the effects are not as obvious as hop-count or
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Fig. 16. Network capacity comparison of various topologies.

delay. The capacity degradation is around 15% when the ISLs
are fully occupied. When the ISL capacity is large enough,
the network capacity is limited by the satellite-gateway links.
In these cases, the remaining ISLs are capable of routing the
allowed traffic. Moreover, it is interesting that the various con-
stellation configurations have very similar performance. The
24 x66 configuration does not have more obvious advantages
than the 72x22 configuration.

To summarize the simulation results, we find that the 3-
ISL topology may degrade the network performance in terms
of average hop-count, delay, network diameter, etc. But the
degradation is affected by the constellation configuration.
With fewer orbital planes and more satellites per plane, the
pruned ISLs have weaker impacts on network performance
compared to the typical well-connected 4-ISL topology. In a
real satellite network with multi-gateway and user distribution,
the performance degradation is also reduced. In terms of net-
work capacity, when the ISL bandwidth is limited, the 3-ISL
topology may further deteriorate network performance, but the
degradation is not affected by the constellation configuration.

4) Irregularities in Actual 3-ISL Topology: In actual de-
ployment of the 3-ISL topology in practice, irregularities may
exist due to the satellite position deviation, node failures,
ISL interruption, etc. First we consider the random satellite
position deviation and node failures. We add a random devi-
ation Ju to the nominal phase of each satellite to simulate
the actual satellite distribution, where éu ~ A(0,0%) and

10

40 T T T T
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Fig. 17. Average inter-satellite hop distance of irregular 3-ISL topology with
random satellite position deviations and satellite failures.

o = 1°. Also, a specific proportion of satellites are randomly
disabled as well as their ISLs. Fig 17 compares the effects
of the irregular topology on the average hop-count. We can
find that the average hop-count increases with the disabled
satellite nodes. Compared to the regular 3-ISL topology, in
all scenarios with 10% disabled satellites, the average hop-
count increased by around 0.5 hops, but the relative deviation
is relatively small, ranging from 2.08% to 8.77%.

The results in Table I are based on a regular topology.
Results in Fig 17 indicate that in actual irregular LEO con-
stellation scenarios, the results will be affected, depending on
the number of missing node/links. But the impact is relatively
small, and the conclusion is still applicable overall.

Considering the ISL maintenance issue, especially inter-
plane ISL. It is influenced by the ATP (Acquisition, Track-
ing, and Pointing) system capability at the ISL terminal.
As satellites in adjacent orbits pass before and after the
orbital intersection point, the inter-plane ISL experiences a
dramatic change in orientation. If the ATP supports tracking
link pointing ranges, the ISL can be maintained at all times.

However, when the ATP fails to support the inter-plane
ISL pointing range, the ISL needs to be interrupted and then
reestablished after passing through the orbital intersection.
At this point, we consider two scenarios: 1) Operational
ISL model. The satellite carries 4 ISL terminals but only
activates 3 to save resources. In this way, by dynamically
and operationally rebuilding the link, the 3-ISL topology can
be maintained. 2) Constructive ISL mode. The satellites are
launched with only 3 ISL terminals. At this time, before and
after each satellite pair passes through the orbital intersection,
the inter-plane ISL connection status will switch, causing
irregularity in the ISL topology near the orbital intersection
points. However, outside of this area, a regular 3-ISL topology
can still be maintained.

VI. CONCLUSIONS

This paper, for the first time, investigates the topological and
routing properties of a pruned ISL topology in LEO constella-
tion networks, i.e., the 3-ISL topology. Key routing properties
are formulated and derived. The main feature is that the pruned
inter-plane ISLs cause inevitable detours when the required
inter-plane hops are more than intra-plane hops. The numerical
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simulations verify the properties and indicate that the pruned
ISLs may degrade network performance, especially hop-count.
However, these impacts can be mitigated in real satellite
network scenarios. A dedicated constellation configuration that
distributes satellites more densely in each orbit, rather than
across more planes, can lessen the impact. The theoretical
frameworks and results can be used to analyze the impact
of different ISL configurations on LEO constellations and
guide the co-design of constellation pattern and ISL topology.
More specifically, they can explain and analyze the advantages
and disadvantages of the 3-ISL configuration compared to the
typical 4-ISL configuration.
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